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Abstract 


We consider unitary simple vertex operator algebras whose vertex oper¬ 
ators satisfy certain energy bounds and a strong form of locality and call 
them strongly local. We present a general procedure which associates to ev¬ 
ery strongly local vertex operator algebra V a conformal net Ay acting on the 
Hilbert space completion of V and prove that the isomorphism class of Ay does 
not depend on the choice of the scalar product on V. We show that the class 
of strongly local vertex operator algebras is closed under taking tensor prod¬ 
ucts and unitary subalgebras and that, for every strongly local vertex operator 
algebra V, the map W >-)• Ayr gives a one-to-one correspondence between the 
unitary subalgebras W of V and the covariant subnets of Ay. Many known ex¬ 
amples of vertex operator algebras such as the unitary Virasoro vertex operator 
algebras, the unitary affine Lie algebras vertex operator algebras, the known 
c = 1 unitary vertex operator algebras, the moonshine vertex operator algebra, 
together with their coset and orbifold subalgebras, turn out to be strongly lo¬ 
cal. We give various applications of our results. In particular we show that the 
even shorter Moonshine vertex operator algebra is strongly local and that the 
automorphism group of the corresponding conformal net is the Baby Monster 
group. We prove that a construction of Fredenhagen and Jorfi gives back the 
strongly local vertex operator algebra V from the conformal net Ay and give 
conditions on a conformal net A implying that A = Ay for some strongly local 
vertex operator algebra V. 
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1 Introduction 


We have two major mathematical formulations of chiral conformal held theory. A chi¬ 
ral conformal held theory is described with a conformal net in one and with a vertex 
operator algebra in the other. The former is based on operator algebras and a part of 
algebraic quantum held theory, and the latter is based on algebraic axiomatization of 
vertex operators on the circle S 1 . The two formulations are expected to be equivalent 
at least under some natural extra assumptions, but the exact relations of the two have 
been poorly understood yet. In this paper, we present a construction of a conformal 
net from a vertex operator algebra satisfying some nice analytic properties. More¬ 
over, we show that the vertex operator algebra can be recovered from the associated 
conformal net. 

Algebraic quantum held theory is a general theory to study quantum held theory 
based on operator algebras and has a history of more than 50 years, see [50]. The basic 
idea is that we assign an operator algebra generated by observables to each spacetime 
region. In this way, we have a family of operator algebras called a net of operator 
algebras. Such a net is subject to a set of mathematical axioms such as locality (Haag- 
Kastler axioms). We study nets of operator algebras satisfying the axioms, and their 
mathematical studies consist of constructing examples, classifying them and studying 
their various properties. We need to hx a spacetime and its symmetry group for 
a quantum held theory, and the 4-dimensional Minkowski space with the Poincare 
symmetry has been studied by many authors. In a chiral conformal held theory, 
space and time are mixed into the one-dimensional circle S 1 and the symmetry group 
is its orientation preserving diffeomorphism group. 

A quantum held $ on S 1 is a certain operator-valued distribution assumed to 
satisfy the chiral analogue of Wightman axioms [95], see also [25], [43] and (59] Chapter 
1 ]- 

For an interval / C S' 1 , take a test function supported in I. Then the pairing 
(4), /) = $(/) produces a (possibly unbounded) operator ( smeared field) which cor¬ 
responds to an observable on / (if the operator is self-adjoint). We consider a von 
Neumann algebra A(I) generated by such operators for a hxed I. More generally we 
can consider this construction for a family $j, i G / of (Bose) quantum helds, where 
J* is an index set, not necessarily finite. 

Based on this idea, we axiomatize a family {A(/)} as follows and call it a (local) 
conformal net. 

Let 3 be the family of open, connected, non-empty and non-dense subsets (inter¬ 
vals) of S' 1 . A (local) Mobius covariant net A of von Neumann algebras on S' 1 is a 
map 

3 3 I^A(I) C BfK) 

from 3 to the set of von Neumann algebras on a hxed Hilbert space 3~C satisfying the 
following properties. 

• Isotony. If I\ C I 2 belong to 3, then we have A(Ii) C M(/ 2 ). 
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• Locality. If /i ,/ 2 G J and I\ fl / 2 = 0, then we have [.A(/i), M(/ 2 )] = {0}, where 
brackets denote the commutator. 

• Mobius covariance There exists a strongly continuous unitary representation U 
of the group Mob ~ PSL(2, M) of Mobius transformations of S 1 on hC such that 
we have U{^j)A(I)U{^)* = A(^I), 7 G Mob, I G J. 

• Positivity of the energy. The generator of the one-parameter rotation subgroup 
of U (conformal Hamiltonian) is positive. 

• Existence of the vacuum. There exists a unit [/-invariant vector hi G J-C called 
the vacuum vector , and hi is cyclic for the von Neumann algebra \J 1& A(I), 
where the lattice symbol \J denotes the von Neumann algebra generated. 

These axioms imply the Haag duality, A(I)' = A(I'), I G J, where /' is the 
interior of S 1 \ I. 

We say that a Mobius covariant net A is irreducible if \J 1& A(I) = B(fK). The net 
A is irreducible if and only if Q is the unique [/-invariant vector up to scalar multiple, 
and if and only if the local von Neumann algebras A(I) are factors. In this case they 
are automatically type IIIx factors (except for the trivial case A(I) = C). 

Let Diff + (S' 1 ) be the group of orientation-preserving diffeomorphisms of S 1 . By a 
conformal net A , we mean a Mobius covariant net with the following property called 
conformal covariance (or diffeomorphism covariance). 

There exists a strongly continuous projective unitary representation U of Diff + (S’ 1 ) 
on TC extending the unitary representation of Mob such that for all / G J we have 

U( 7 )A(I)U( 7 )’ = A( 7 I), T 6 Dift+( S 1 ), 

U(j)AU(jy = A, A 6 A(I), 7 € Diff(/'), 

where Diff(J) denotes the group of orientation preserving diffeomorphisms 7 of S 1 
such that 7 (z) = z for all 2 G I'. 

It should be pointed out that it is not known whether or not the map 3 9 Jg 
A(I) defined from a family of chiral conformal covariant quantum fields 

on S 1 will satisfy in general the axioms of conformal nets described above. The 
main difficulty is given by locality. The problem is due to the fact that the smeared 
fields are typically unbounded operators and the von Neumann algebras generated 
by two unbounded operators commuting on a common invariant domain need not to 
commute as shown by a well known example by Nelson [ 86 ]. This difficulty is part of 
the more general problem of the mathematical equivalence of Wightman and Haag- 
Kastler axioms for quantum held theory a problem which has been studied rather 
extensively in the literature but which has not yet been completely solved, see e.g. 
[SUSUSUTU32U33U3ZU3S1 SSI - As it will become clear in this paper we deal with some 
special but mathematically very interesting aspect of this general problem. 

A vertex operator is an algebraic formalization of a quantum held on S 1 , see 
[39 , [59] . A certainly family of vertex operators is called a vertex operator algebra. 
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This first appeared in the study of Monstrous Moonshine, where one constructs a 
special vertex operator algebra called the Moonshine vertex operator algebra whose 
automorphism group is the Monster group, see pfU]- Extensive studies have been made 
on vertex operator algebras in the last 30 years. 

Since a conformal net and a vertex operator algebra (with a unitary structure) 
both give mathematical axiomatization of a (unitary) chiral conformal field theory, 
one expects that these two objects are in a bijective correspondence, at least under 
some nice conditions, but no such correspondence has been known so far. Actually, 
the axioms of vertex operator algebras are deeply related to Wightman axioms for 
quantum fields, see [59] Chapter 1]. Hence, the problem of the correspondence between 
vertex operator algebras and conformal nets can bee seen as a variant of the problem 
of the correspondence between Wightman field theories and algebraic quantum field 
theories discussed above. 

We would like to stress here an important difference between the Wightman ap¬ 
proach and the vertex operator algebra approach to conformal field theory. In the 
Wightman approach the emphasis is on a family of fields which generate the 

theory. For this point of view it is natural to start from this family in order do define 
an associated conformal net, see e.g. [IT] . Many models of conformal nets are more 
or less directly defined in this way from a suitable family of generating fields. On the 
other hand, in the vertex operator algebra approach one considers, in a certain sense, 
all possible fields (the vertex operators) compatible to a given theory and correspond¬ 
ing to the Borchers class of the generating family {<f>j}j e jr, cf. [50] II.5.5]. In this sense 
the vertex operator algebras approach is closer in spirit to the algebraic approach, see 
[50, III. 1] and in this paper we will take this fact quite seriously. Another important 
similarity between the vertex operator approach and the conformal nets approach is 
the emphasis on representation theory. The latter will play only a marginal role in 
this paper but we believe that our work gives a solid basis for further investigations 
in this direction and we plan to come back to the representation theory aspects in the 
future. 

In this paper we present for the first time a correspondence between unitary vertex 
operator algebras and conformal nets. The basic idea is the following. We start 
with a simple unitary vertex operator algebra V and we assume that the vertex 
operators satisfy certain (polynomial) energy bounds. This assumption guarantees a 
nice analytic behaviour of the vertex operators. It is rather standard in axiomatic 
quantum field theory and does not appear to be restrictive but it is presently not 
known if it guarantees the existence of an associated conformal net. Then, on the 
Hilbert space completion ‘My of V we can consider the smeared vertex operators 
Y(a,f), f 6 C°°(S 1 ), a e V corresponding to the vertex operators Y(a,z ) of V. 
We then define a family of von Neumann algebras {Ay(I)}i e j as described at the 
beginning of this introduction by using all the vertex operators. We say that V is 
strongly local if the map 3 9 / m- Ay (I) satisfies locality. In this case we prove Ay is 
an irreducible conformal net. The idea of using all the vertex operators instead of a 
suitable chosen generating family of well behaved generators has the great advantage 
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to make the construction more intrinsic and functorial. In particular every unitary 
subalgebra W C V of a strongly local vertex operator algebra turns out to be strongly 
local and the map W (->■ Aw gives rise to a one-to-one correspondence between the 
unitary vertex subalgebras W of V and the covariant subnets of Ay. Moreover, we 
prove that the automorphism group of Ay coincides with the unitary automorphism 
group of V and that, if the latter is finite, it coincides with the full automorphism 
group of V. 

Although the strong locality condition appears a priori to be rather restrictive 
and difficult to prove we show, inspired by the work of Driessler, Summers and Wich- 
rnann [33] that if a generating family & of quasi-primary (i.e. Mobius covariant) 
Hermitian vertex operators, generates a conformal net Ag then V is strongly local 
and Ay = Ag. This result heavily relies on the deep connection between the Tomita- 
Takesaki modular theory of von Neumann algebras and the space-time symmetries of 
quantum held theories first discovered by Bisognano and Wichmann |2j. As a con¬ 
sequence, standard arguments (see e.g. [13]) shows that if V is generated by fields 
of conformal dimension one and by Virasoro fields then it is strongly local. This 
gives many examples of strongly local vertex operator algebras, e.g. the affine vertex 
operator algebras and their subalgebras, orbifold vertex operator algebras and coset 
vertex operator algebras. Moreover, the Moonshine vertex operator algebra V^ turns 
out to be strongly local and the automorphism group of the net Ay t, is the monster, 
a result previously proved in [66] . As a consequence we can construct an irreducible 

conformal net A vn tt associated with the the even shorter Moonshine vertex operator 
^ ( 0 ) 

algebra V constructed by Holm. Moreover, we show that the automorphism group 
of A vb \ is the Baby Monster group. As far as we can see there is no known example 

of simple unitary vertex operator algebra which can be shown to be not strongly local 
and we conjecture that such an example does not exist. 

We also show that one can reconstruct the strongly local vertex operator algebra 
V from the corresponding conformal net Ay by using the work of Fredenhagen and 
JorB [38]. Actually we consider a variant of the construction in [32] which is directly 
obtained from the Tomita-Takesaki modular theory of von Neumann algebras. We 
also fold a set of natural conditions on a irreducible conformal net A , including energy 
bounds for the Fredenhagen-JorB fields, which are equivalent to the requirement that 
A coincides with the net Ay associated with a simple unitary strongly local vertex 
operator algebra V. The existence of irreducible conformal nets not satisfying these 
condition appears to be an open problem. 

In order to keep this paper reasonably self-contained, the first four sections are 
devoted to various preliminaries on operator algebras, conformal nets and vertex op¬ 
erator algebras. In Sect. Owe define and study the notion of unitary vertex operator 
algebra. The definition has previously appeared more or less explicitly in the lit¬ 
erature e.g. |8T] where unitary vertex operator algebras appear as vertex operator 
algebras having a real form with a positive def ini te invariant bilinear form, see also 
m Sect. 12.5]. Here we prefer an alternative definition which is easily seen to be 
equivalent and we replace the real forms by the corresponding antilinear automor- 
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phisms (PCT operators). The same definition, with a slightly different language, 
has also been recently used by Dong and Lin [[28]. In this paper we give a further 
equivalent definition of unitarity based on the requirement of locality for the adjoint 
(with respect to the scalar product) vertex operators. Our proof of the equivalence of 
the two definitions gives a vertex algebra version of the PCT theorem in Wightman 
quantum field theory [95]. Moreover, we study the question of the uniqueness of the 
unitary structure, i.e. of the invariant scalar product , in relation to the properties of 
the automorphism group of the underlying vertex operator algebra. We show that the 
scalar product is unique if and only if the automorphism group is compact, that in 
this case the automorphism group coincides with the unitary automorphism group and 
that it must also be totally disconnected. This happens in the special but important 
examples in which the automorphism group is finite as in the case of the Moonshine 
vertex operator algebra. 


2 Preliminaries on von Neumann algebras 

In this section we introduce some of the basic concepts of the theory of von Neumann 
algebras and related facts on Hilbert space operators which will be frequently used 
in the following. Most of the topics discussed in this subsection can be found in any 
standard introductory book on operator algebras in Hilbert spaces, see e.g. j3[ [9[ l63] 
[6T| |. We refer the reader to these books for more details and for the proofs of the 
results described in this section. 

2.1 Von Neumann algebras 

Let IK be a (complex) Hilbert space with scalar product (•[•), let B(K) denote the 
algebra of bounded linear operators K — > K and denote by ljc G B(K) the identity 
operator. Moreover, we denote by U{K) the group of unitary operators on K. 

Recall that B(K) equipped with the usual operator norm is a Banach space (in fact 
it is a Banach algebra). For every A G B{K) we denote by A* G B[K) its (Hilbert 
space) adjoint so that {b\Aa) = (A*b\a) for all a, b G K. The map A t—)■ A* is an 
antilinear involution B(K) —> B(K) satisfying (AB)* = B*A* for all A, B G B(K). 
For a given subset S G B(K) we denote by S* the subset of B{K) defined by 

S* = {A G B(K) : A* G S}. (1) 

We say that S is self-adjoint if S = S*. 

Given S C B[K) we denote by S' the commutant of S, namely the subset of B{K) 
defined by 

S' = {A G B(K) : [A, B} = 0 for all B G S], (2) 

where, for any G B(K), [A, B] denotes the commutator AB — BA. The com¬ 
mutant S" of S' is called the bicommutant of S. We denote by S'" the commutant 
of S" and so on. It turns out that S'" = S' for every subset S C B{K). Moreover, 


if S C B(“K) is self-adjoint then S' is a self-adjoint subalgebra of B(“K) which is also 
unital, i.e. G S'. 

A self-adjoint subalgebra M C H(!K) is called a von Neumann algebra if M = 
M". Accordingly, (S U §*)' is a von Neumann algebra for all subsets S C H(K) and 
bb*(S) = (S US*)" is the smallest von Neumann algebra containing S. 

A von Neumann algebra M is said to be a factor if M' fl M = Cl^, i.e. M has a 
trivial center. H(K) is a factor for any Hilbert space K. Its isomorphism class as an 
abstract complex ^-algebra only depends on the Hilbertian dimension of IK. A von 
Neumann algebra M isomorphic to some H(K) (here K is not necessarily the same 
Hilbert space on which M acts) is called a type I factor. If K has dimension n G Z>o 
then M is called a type I„ factor while if K is infinite-dimensional then M is called a 
type loo factor. 

There exist factors which are not of type I. They are divided in two families: the 
type II factors (type IIi or type II^) and type III factors (type III A , A G [0,1], 
cf. [231). 

If M and N are von Neumann algebras and AT C M then AT is called a von 
Neumann subalgebra of M. If M is a factor then a von Neumann subalgebra 
Af C M which is also a factor is called a subfactor. The theory of subfactors is a 
central topic in the theory of operator algebras and in its applications to quantum 
field theory. Subfactor theory was initiated in the seminal work [56] where V. Jones 
introduced and studied an index [M : N] for type IIi factors. Subfactor theory and 
the notion of Jones index was later generalized to type III subfactors and also to 
more general inclusions of von Neumann algebras, see [Ml EHl E31 ESI (HZ!. 

A central result in the theory of von Neumann algebras is von Neumann bicom- 
mutant theorem which states that a self-adjoint unital subalgebra M C H(K) is a von 
Neumann algebra if and only if it is closed with respect to strong operator topology 
of H(K). In fact the statement remains true if one replace the strong topology on 
H(K) with one of the following: the weak topology, the a-weak topology (also called 
ultra-weak topology) and the cr-strong topology (also called ultra-strong topology). 
In particular, every von Neumann algebra is also a (concrete) C*-algebra, namely it 
is a norm closed self-adjoint subalgebra of H(K). Moreover, if K is separable, as it 
will typically be the case in this paper, a self-adjoint unital subalgebra M C H(K) is 
a von Neumann algebra if and only if for any A G -B(K), the existence of a sequence 
A n G M, n G Z >0 , such that A n a —> Aa for all a G K, implies that A G M. Note 
also that von Neumann bicommutant theorem implies that, for any subset S C H(K), 
kH*(S) coincides with the strong closure of the unital self-adjoint subalgebra of H(K) 
generated by S. If, for every a G with any index set, M Q C £>(K) is a von 
Neumann algebra then f] a€J r At Q is a von Neumann algebra. Moreover, 

V = W( U = ( p| k) (3) 

ae/ a£/ \OL&J r / 

is the von Neumann algebra generated by the von Neumann algebras M a , a G J’. 
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If M is a von Neumann algebra on the Hilbert space J-C and e G M' is an (or¬ 
thogonal) projection commuting with M then the closed subspace eJi is M-invariant 
and 

M e = Mf^ = {A\ eK : A g M} (4) 

is a von Neumann algebra on eJC, the von Neumann algebra induced by e. 

Now let TC i and JCo be two Hilbert spaces and let Ji\ 0JC2 be their algebraic tensor 
product. Then, J { 1 0 J~C 2 has a natural scalar product and we denote by 1 Ki<8)TC 2 the 
corresponding Hilbert space completion, the Hilbert space tensor product. If Mi 
(resp. M 2 ) is a von Neumann algebra on ‘K 1 (resp. TC 2 ) then the algebraic tensor 
product Mi 0 M 2 is a *-subalgebra of B(Jii 0 Ji 2 ) and the von Neumann tensor 
product Mi®M 2 is defined by 


Mi<g>M 2 = (Mi(g)M 2 )". 


It can be shown that 

(Mi®M 2 )' = Mi® Mg. 

Moreover, 

H(d£i)®H(d{ 2 ) = B(Ji i®TC 2 ). 

2.2 Unbounded operators affiliated with von Neumann alge¬ 
bras 

By a linear operator (or simply an operator) on a Hilbert space !K we always mean a 
linear map A : D —y JC, where the domain H is a linear subspace of JC. If the domain 
D(A) = D of A is dense in JC we say that A is densely defined. Recall that A is 
said to be closed if its graph is a closed subset of JC x JC with respect to the product 
topology and that A is said to be closable if the closure of its graph is the graph of 
an operator A called the closure of A. 

The adjoint A* of a densely defined operator A on JC is always a closed operator 
on JC. A densely defined operator A on JC is closable if and only if its adjoint A* is 
densely defined. If this is the case then A = A**. A bounded densely defined operator 
A on J-C is always closable and it belongs to if and only if it is closed. If the 

graph of A is a subset of the graph of B then B is said to be an extension of A and 
as usual we will write A C B. Let A be closed operator with domain D(A), let T) 0 
be a linear subspace of T>(A) and let A$ be the restriction of d to Do. Then, Aq 
is closable and it closure obviously satisfies Ao C A. One says that Do is a core 
for A if Aq = A. If A is a closed densely defined operator then A*A is self-adjoint 
(in particular densely defined and closed) with non-negative spectrum. The absolute 
value of \A\ of A is defined through the spectral theorem by |A| = (A*A) X / 2 . Then 
there is a unique C G B^K) such that Ker(C) = Ker(A) and C\A\ = A. O' is a 
partial isometry, i.e. C*C and CC* are (orthogonal) projections. The decomposition 
A = C\A\ is called the polar decomposition of A. A is injective with dense range if 
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and only if C is a unitary operator. Similar definitions, with analogous results, can 
be given for antilinear operators on ‘K. 

An operator A on IK with domain D(A) is said to commute with a bounded 
operator B £ B(CK) (and viceversa) if AB C BA, namely if BT)(A) C T> (A) and 
ABa = BAa for all a £ D(A). If A is densely dehned and closable and if A commutes 
with B £ B(!K) then A* commutes with B*. The following fact is very useful: if the 
densely dehned operator A is closed and D 0 is a core for A then A commute with 
B £ 2$ (IK) if and only if BT> 0 C ID (A) and ABa = BAa for all a £ T) 0 . 

A closed densely dehned operator A on IK is said to be affiliated with a von 

Neumann algebra M C B(IK) if A commutes with all operators in M'. It turns out 
that a closed densely dehned operator A is affiliated with M if and only if there is a 

sequence A n £ M, n £ Z >0 such that A n a —>■ Aa and A* b —>■ A* b for all a £ ID (A) 

and all b £ B(A*). 

For any closed densely dehned operator A on CK the set 

{B £ B(IK) : AB C BA, AB* C B*A} (5) 

is a von Neumann algebra and 

W*{A) = {B £ B(ffi) : AB c BA, AB* c B*A}' (6) 

is the smallest von Neumann algebra to which A is affiliated called the von Neumann 
algebra generated by A. 

If A is a self-adjoint operator on a separable Hilbert space then, as a consequence 
of the spectral theorem, 


W*(A) — {/(A) : / £ (7) 

where ^(M) is the set of bounded Borel functions on M. 

More generally, if A is densely dehned and closed with polar decomposition A = 
C\A\, then W*(A) = W*(C) V IF*(|A|) and hence B £ B(CK) commutes with A if and 
only if it commutes with C and with the spectral projections of |A|. 

If J* is an index set and { A a : a £ J^} is a family of closed densely dehned 
operators on IK then we put 

W* ({A a : a £ JA\) = \j W*(A a ), (8) 

a&J? 

and we say that W* ({ A a : a £ =/’}) is the von Neumann algebra generated by { A a : 
a £ JA}. 

If T C IK is a linear subspace and A a , a £ JA are operators on J~C then T> is 
called a common invariant domain for the operators A a , a £ JA, if H C D(A a ) and 
A a D C T> for all a £ JA. 

The following proposition is well known and will be frequently used in this paper. 
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Proposition 2.1. Let A, B be closed densely defined operators on a Hilbert space 
!K and let T) be a common invariant domain for A and B. Assume that W*(A) C 
W*(B)'. Then ABa = BAa for all a E T>. 

Proof. Let B n E W*(B), n E Z >0 be a sequence such that B n a —> Ba for all a E T>(B). 
Since B n commutes with A for all n E Z >0 then, for any a E T>, B n a is in the domain 
of A, Aa is in the domain of B and AB n a = B n Aa —>■ BAa. Since A is closed it 
follows that ABa = BAa. □ 

The converse is known to be false thanks to examples due to Nelson [86] Sect.10], 
see also [|RJ[ Sect.VIII.5]. We summarize this fact in the following proposition. 

Proposition 2.2. Let "H be a separable infinite-dimensional Hilbert space. Then there 
exists two self-adjoint operators A and B on “K and a common invariant core T> for 
A and B such that ABc = BAc for all c E T> but W*(A) is not a subset of W*(B)'. 

2.3 Tomita-Takesaki modular theory 

Let IK be a Hilbert space and let M C B(jK) a von Neumann algebra. A vector 12 is 
said to be cyclic for M if the linear subspace Mf2 is dense in J~C. A vector 12 is said 
to be separating for M if, for every A E M, API = 0 implies that A = 0. It can be 
shown that a vector 12 G TC is cyclic for M if and only if it is separating for M' and 
symmetrically that 12 G !K is separating for M if and only if it is cyclic for Ml 

Let M C B(fK) be a von Neumann algebra and let 12 G fK be cyclic and separating 
for M. Then the map A12 i —> A*12 is well defined and injective and give rise to an 
antilinear operator Sq on J~C with domain M12 and range M12. Hence S o is densely 
defined and has dense range. Moreover, Sq = Imo- If in the definition of So we 
replace M with JVL we obtain another antilinear operator F 0 on TC with domain JVt'12 
and range M'12. It is easy to see that Fo C Sq and, symmetrically that So C Ff. 
Accordingly, S'q and F 0 are closable and we denote by S and F respectively their 
closures and by T)(S) and T)(F) the domain of S and the domain of F respectively. 
It turns out that S and F are injective with dense range. Moreover, F = S*. Now, 
let A = S*S and let J A 1 / 2 be the polar decomposition of S. S is called the Tomita 
operator, A is called the modular operator and J the modular conjugation. 

Since S is injective with dense range then the self-adjoint operator A 1 / 2 is injective 
and J is antiunitary i.e. it is antilinear and satisfies J* J = J J* = 1^. Moreover, 
S 2 = 1®(5). It follows that JA^ 2 J = A -1 / 2 , that J 2 = and hence that J = J*. 
Note also that since ST2 = FLl = Q, then h2 G D(A) and Ah2 = Q. Thus, JT2 = h2. 
Since A is self-adjoint with non-negative spectrum and injective then log A is densely 
defined and self-adjoint. Accordingly the map R 9 1 1 —> A’ d = e dlog A defines a strongly 
continuous one-parameter group of unitary operators on tK leaving h2 invariant. Note 
that JA lt J = A lt . 

Now let g : TC —> tK be a unitary operator and assume that gJAg~ l = M and 
gLl = 12. Then, for every A E M, ALl is in the domain of gSg~ 1 and gSg~ 1 ALl = SAfl. 
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It follows that gSg~ l = S and hence that gAg = A and gJg~ l = J . More 
generally, if Mi C B{‘K 1 ) and M 2 C BfK 2 ) are two von Neumann algebras on 
the Hilbert spaces TCi, J~C 2 with cyclic and separating vectors G TCi, H 2 G di 2 
respectively and if f : !K 1 — » dC 2 is a unitary operator satisfying = M 2 and 

ftti = fl 2 then <fS\<f~ l = S 2 , where ,S\ = J\A\ !2 (resp. S 2 = J 2 A^ 2 ) is the Tomita 
operator associated with the pair (Mi, Hi) (resp. (M 2 , fi 2 )). Accordingly we also have 
(/•Ai^" 1 = A 2 and </>Ji</> -1 = J 2 . 

The following theorem is the central result of the Tomita-Takesaki theory. 

Theorem 2.3. (Tomita-Takesaki theorem) Let M C B(fK) be a von Neumann algebra, 
let H G !K be cyclic and separating for M and let S = JA l A be the polar decomposition 
of the Tomita operator S associated with M and H. Then, 

JMJ = M', and A U MA~ U = M, 


for all t G M. 

As a consequence for every i G K the map M .3 A h->- A lt AA~ %t defines an (*-) 
automorphism of M depending only on t and on the state (i.e. normalized positive 
linear functional) uo defined by oj(A) = pp-(H|AH). This automorphism is denoted 
by af , t G M and the corresponding one-parameter automorphism group M 3 1 1 —> af 
is called the modular group of M associated with the state oj. 


3 Preliminaries on conformal nets 

We gave the definition of Mobius covariant net and of conformal net in the in¬ 
troduction. In this section we discuss some of the main properties of conformal 
nets that will be used in the next sections for more details and proofs see e.g. 
PH ESI ESI US SSI ESI EH], see also the lecture notes in preparation m and the 
PhD thesis non. Note that in the literature, in some cases, Mobius covariant nets 
are called conformal nets and conformal nets are called diffeomorphism covariant nets. 

3.1 Diff + (5' 1 ) and its subgroup Mob 

In this subsection we recall some notions about the “spacetime” symmetry group of 
conformal nets. 

Let S 1 = {z G C : \z\ = 1} be the unite circle. Moreover, let S\_ = {z G S 1 : 
'Az > 0} be the (open) upper semicircle and let Sf = {z e S 1 : ^sz < 0} be the lower 
semicircle. Note that S)_, SfeJ and Sf = (5'(j_)'. 

The group Diff + (5' 1 ) is an infinite dimensional Lie group modeled on the real 
topological vector space Vect(S' 1 ) of smooth real vectors fields on S 1 with the usual 
C°° Frechet topology [83, Sect. 6 ]. Its Lie algebra coincides with Vect(S' 1 ) with the 
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bracket given by the negative of the usual brackets of vector fields. Hence if g(z), f(z), 
z = e l ®, are functions in C'°°(S' 1 ,IR) then 

Diff + (S' 1 ) is connected but not simply connected, see [S3;, Sect.10] and (51], Example 
4.2.6] and we will denote by Diff + (S' 1 ) its universal covering group. The corresponding 
covering map will be denoted by Diff + (S' x ) 3 7 —> 7 G Diff + (S' 1 ). 

For every / G C'°°(S' 1 ,M) we denote by I 9 t G Exp(t/^) the one-parameter 
subgroup of Diff + (S' 1 ) generated by the vector field /-^ and we denote by 1 9 t G 

Exp(t/^k) the corresponding one-parameter group in Diff+(S' 1 ). 

Remark 3.1. By a result of Epstein, Herman and Thurston (341 [5U1 [fid] Diff + (S' 1 ) is a 
simple group (algebraically). It follows that Diff + (S' 1 ) is generated by exponentials i.e. 
by the subset {Exp(/^) : / G C°°(S 1 , M)}. In fact, by the same reason, Diff + (S' 1 ) is 
generated by exponentials with non-dense support i.e. by the subset (J /g;J {Exp(/^) : 
/ G C“(7, M)}, cf. [83 s , Remark 1.7] 

Recall from the introduction that, for every / G J, Diff(J) denotes the subgroup 
of Diff + (S' 1 ) whose elements act as the identity on I'. Note that accordingly Diff(J) 
does not coincide with the group of diffeomorphisms of the open interval /, as the 
notation might suggest, but it only corresponds to proper subgroup of the latter. If 
/ G C“(7, M), / G J, namely / G C 00 (S' 1 ,M) and supp/ C I, then Exp(/^) G Diff(J). 
Note that by Remark IXI1 Diff + (S 1 1 is generated by (J jg;j Diff(J). 

For any / G J let Diff c (J) be the dense subgroup of Diff(J) whose elements are the 
orientation preserving diffeomorphisms with support in / i.e. 

Diff c (J) = |J Diff(/0. ( 10 ) 

h&, hci 

By ]Mli35], see also [80], Diff c (J) is a simple group and hence it is generated by 

{Exp(/4) :/6Cr( /,R)}. 

Now, let Vectc(*S' 1 ) be the complexification of Vect(5' 1 ) and let l n G Vectc(*S' 1 ) be 
defined by l n = Then 

[In, ^m] (^ ^i)^n+m (H) 

for all n,m G Z, i.e. the the complex valued vector fields l n , n G Z, span a complex 
Lie subalgebra 2Bitt C Vectc(5' 1 ), the (complex) Witt algebra. As it is well known 
2Uitt admits a nontrivial central extension QJit defined by the relations 

77, ° — 77, 

[ I'm ^m] (jl ^l)^n+m T 3n+m, 0 k (12) 

[In, k] = 0, 


14 



called the Virasoro algebra, see [62, Lecture 1]. 

For any / G C ,00 (^ 1 ) = C°°(S\ C) let 

f n = i- J* neZ 

be its Fourier coefficients. Then the Fourier series 


( 13 ) 


n£jj 


n 


is convergent in Vectc(5' 1 ) to the vector field Thus 2Hitt is dense in Vectc(5' 1 ). 

The vector fields l n , n = —1, 0,1 generated a Lie subalgebra of QIJitt isomorphic 
to sl(2,C). Moreover, the real vector fields ilo, + /_i) and |(fi — /_i) generate 
a Lie subalgebra of Vect(S' 1 ) isomorphic to sl( 2 ,M) ~ PSU(1,1) which correspond to 
the three-dimensional Lie subgroup Mob C Diff + (S' 1 ) of Mobius transformations 
of S 1 . It turns out that Mob is isomorphic to PSL(2,M) ~ PSU(1,1). Moreover, the 
inverse image of Mob in Diff+(S' 1 ) under the covering map : Diff+(S' 1 ) —y Diff + (S' 1 ) is 
the universal covering group Mob of Mob. 

A generic element of Mob is given by a map 


az + (3 
(3z + a’ 


(14) 


where a,/3 are complex numbers satisfying |cr | 2 — \/3\ 2 = 1. 

The one-parameter subgroup of rotations r(t) G Mob is given by r(t)(z) = e lt z, 
z G S 1 so that r(t) = Exp (itl 0 ) Le S(t) be the one-parameter subgroup of Mob defined 
by 




z cosh t /2 — sinh t/2 
—^sinht /2 + cosh t/ 2 ’ 


(15) 


(“dilations”) corresponding to the vector field sill'd-^ so that 


3(1) = Exp ( P ^ . 


(16) 


We have S(t)S: J_ = 5'|_ for all t G 1. Moreover, if 7 G Mob and = 5'j_ then 
7 = <5(a) for some a G M. As a consequence, if / G J and 71,72 G Mob satisfy 
7 iS(|_ = I, i = 1,2 then 7^ 1 7i<5(t)7f x y 2 = S(t) for all t G 1. For every / G 0 there 
exists 7 G Mob such that = I. Then, the one-parameter group yd(t)y ^ 1 does 
not depend on the choice of 7 satisfying yS^ = / and it will be denoted by <5/(£) . In 
particular <5 s i (t) = (5(f), f G R. Note also that 7 d/(f) 7 _1 = (5 7 /(t) for all 7 G Mob and 
all f gR. Moreover, Mob is generated by {<5/(f) : / G J, t G M}. 

We will also consider the orientation reversing diffeomorphism j : S 1 —> S 1 defined 
by j(z) = z, z G S 1 . Given any / G J we put jj = 70 j o 7 -1 where 7 G Mob is 
such that 7 = / (again jj only depends on / and not on the particular choice of 
7). Clearly, j s 1 = j and jjl = /' for all / G J. 
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3.2 Positive-energy projective unitary representations of Diff + (5' 1 ) 
and of Diff + (5' 1 ) and positive-energy representations of Q3it 

By a strongly continuous projective unitary representation U of a topological group 
on a Hilbert space we shall always mean a strongly continuous homomorphism of 
into the quotient U(d£)/T of the unitary group of “K by the circle subgroup T. 

Note that although for 7 £ U( 7 ) is defined only up to a phase as an operator 
on “K, expressions like U( r f)TV('y)* for any T £ B(CK) or U('y) £ £ for a (complex) 
linear subspace £ C B(df) are unambiguous for all 7 £ ^ and are frequently used in 
this paper. 

If <& = Diff + (S' 1 ) then, by P, the restriction of a strongly continuous projective 
unitary representation U to the subgroup Mob C Diff + (S' 1 ) always lifts to a unique 
strongly continuous unitary representation U of Mob. We then say that U extends U, 
and that Uj. s a positive-energy representation if U is a positive-energy represen¬ 
tation of Mob, namely if the self-adjoint generator L 0 (the “conformal Hamiltonian”), 
of the strongly continuous one parameter group e ltL ° = U (Exp(zfZo))? has non-negative 
spectrum a(L 0 ) C [0, + 00 ), namely, it is a positive operator. 

By a positive-energy unitary representation n of the Virasoro algebra QJir we shall 
always mean a Lie algebra representation of QJit, on a complex vector space V endowed 
with a (positive definite) scalar product (j-), such that the representing operators 
L n = 7 r (l n ) £ End(V), n £ Z and K = tt (k) £ End(H) satisfy the following conditions: 

(i) Unitarity: ( a\L n b ) = (£_ n a| 6 ) for all n £ Z an all a, b £ V; 

(ii) Positivity of the energy: Lq is diagonalizablc on V with non-negative eigenvalues 
i.e. we have the algebraic direct sum 

V= © V* 

aGM> 0 

where V a = Ker (L 0 — aly) for all a £ M> 0 ; 

(in) Central charge: K = cly for some c £ C. 

By a well known result of Friedan, Qiu and Shenker [SH32], see also [62], unitarity 
implies that the possible values of the central charge c are restricted to c > 1 or 
c = c m = 1 — (, m+ o) 6 ( m+ 3 ) ; 171 £ Z> 0 . In the case c = 0 the representation is trivial, i.e. 

L n = 0 for all n £ Z. An irreducible unitary positive-energy representation of QJir 
is completely determined by the central charge c and the lowest eigenvalue h of L 0 . 

Then h satisfies h > 0 if c > 1 and h = h p , q (rn) = ^ m ^m+ 2 ™rn+ 3 ) ^ 1 P = 1 , m + 1 , 
q = 1 if c = Cm, m £ Z > 0 (discrete series representations) and all such pairs 

(c, h) are realized for an irreducible positive-energy representation, [ 461 [62] . For every 
allowed pair (c, h) the corresponding irreducible module is denoted L(c , h). Note that 
(c, 0 ) is an allowed pair for every allowed value c of the central charge. 
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We now discuss the correspondence between unitary positive-energy represen¬ 
tations of the Virasoro algebra Tlit and the strongly-continuous projective unitary 
positive-energy representations of Diff+(S' 1 ). An important tool here is given by the 
following estimates due to Goodman and Wallach [TS] Prop.2.1], see also [98j Sect. 6 ]. 
Similar estimates are also given in [ IT] . 

Proposition 3.2. Let n be a positive-energy unitary representation of the Virasoro 
algebra QJit with central charge c G M>o on a complex inner product space V. Let 
L n = vr(/ n ) and let ||a|| = (a|a) 1//2 ? for all a G V. Then, 

||Z n a|| < y/c/2(\n\ + 1)^||(L 0 + ly)a||, (17) 

for all n GZ and all a EV. 

Remark 3.3. Starting from Prop. 13.21 it is easy to prove the following estimates 

||(A) + lv) k L n a\\ < \fc/2(\n\ + l) k+ ^\\(L 0 + l v ) k+1 a\\, (18) 

for all k G Z>o, n G Z and all a G V . 

Now let 7T be a positive-energy unitary representation of the Virasoro algebra on 
a complex inner product space V and let Ji be the Hilbert space completion of V. 
The operators L n , n G Z can be considered as densely defined operators with domain 
V. As a consequence of Prop. 13.21 and of the unitarity of n one can define operators 
L°(f), f G G 00 (S' 1 ) on 0~C with domain V, by 

L°(f)a = ^f n L n a, (19) 

nE Z 

for all a EV, where 

a r n rid 

fn = J /(e^)e-^— (20) 

is the n-th Fourier coefficient of the smooth function /. It follows from the unitarity 
of 7T that, L°(f) C L°(/)*, and hence that L°(f) is closable for every / G C°°(S 1 ) 
and we will denote by L(f) the corresponding closure. Let fK°° the intersection of the 
domains of the self-adjoint operators (L 0 + 1^)^, k G Z> 0 . Then, d£°° is a common 
core for the operators L(f), f G C'°°(S' 1 ) and 

||L(/)o||< VF2||/||j||(i„ + l K )a|| (21) 

for all / G C°°(S 1 ) and all a G df°°, where, for every s > 0 

||/||. = ^((n| + l)*|/„(. ( 22 ) 

nEZ 

It follows dC°° is a common invariant core for the operators L(f), f G C , °°(S' 1 ), see j98j 
Sect. 6 ] and [48] . Moreover, the map Vect(S' 1 ) —» End(dC°°) defined by hg iL(f ), 
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defines a projective representation, again denoted by 7r, of Vect(S' 1 ) by skew-symmetric 
operators, namely -7r(/^) C tt(/^)* and 




dtf’ J dtf 

on 2f°°, with real valued two-cocycle !?(•,•) given by 


= * ([/.4/4A+ 




C,: ' f| iW’ f ’d.r :i 12 


^/.(«") + A<«-)U/.( e ")£. 


(23) 


(24) 


Now, as a consequence of Prop. 13.21 and Remark 13.31 together with the fact that 
[L 0 ,L(f)\ = iL(f ), where /'(e 1 ^) = ^/(e*^), it can be shown that one can apply 
[98:, Thm. 5.2.1], see also j98j Sect.6], so that the the projective representation ti of 
Vect(S' 1 ) integrates to a unique strongly-continuous projective unitary representation 
U n of Diff+(S' 1 ). More precisely, for every / G C'°°(S' 1 ,M) the operator 7r(/^) = 
iL(f ) is skew-adjoint, and U n is the unique strongly-continuous projective unitary 
representation of Diff+(S' 1 ) on CK satisfying 


u ’ ( Exp(/ ^ ) ) Au ’ 


= e <f 


(25) 


for all / G C°°(S\R) and all A G B(W). Moreover, [/^(yjdf 00 = 27°° for all 7 G 
Diff+(S' 1 ). For any I G J le /1 G C£°(/) and / 2 G then / 2 4 generates 

a two-dimensional abelian Lie subalgebra of Vect(S' 1 ). Since R(/i^,/ 2 ^) = 0, the 
cocycle B(-, •) vanishes 011 this Lie suba.lgebra and hence 7r give rise to an ordinary 
(i.e. non-projective) Lie algebra representation to the latter which, by (the proof 
in [98' page 497] of) j98j Thm. 5.2.1], integrates to a strongly continuous unitary 
representation of the abelian Lie group M 2 . Hence, 



(26) 


see [2] for a proof of this fact based on [32], see also Sect.19.4], 

In fact U n factors through a strongly-continuous projective unitary representation 
of Diff + (S' 1 ), which we will again denote U ni if and only if e* 2,rLo is a multiple of the 
identity operator 1 In the latter case, as a consequence of Eq. (|26j) . recalling that 
the the simple group Diff c (J) is generated by exponentials and it is dense in Diff(J), 
we see that the representation U n of Diff + (S' 1 ) satisfies 

I4(Diff(/)) C C4(Diff(/'))' (27) 

for all / G J, see also [72], Sect.V.2], 

With some abuse of language we simply say that the representation 7r of QJit 
integrates to a strongly-continuous projective unitary positive-energy of Diff + (S' 1 ). 
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Conversely, let U be a strongly-continuous projective unitary positive-energy rep¬ 
resentation of Diff+(S' 1 ) on a Hilbert space J~C and assume that the algebraic direct 
sum 

M fin = © Ker(L 0 - al w ) (28) 

aSM > 0 

is dense in J~C. Then, using the arguments in [72,, Chapter 1], se also [18, Appendix 
A], one can prove that there is a unique positive-energy unitary representation tt of 
the Virasoro algebra on lH7 m such that U = U n , see also [85] for related results. We 
collect the results discussed above in the following theorem. 

Theorem 3.4. Every positive-energy projective unitary representation n of the Vi¬ 
rasoro algebra on a complex inner product space V integrates to a unique strongly- 
continuous projective unitary positive-energy representation U n of Diff+(S' 1 ) on the 
Hilbert space completion 37 ofV. Moreover, every strongly-continuous projective uni¬ 
tary positive-energy representation o/Diff+(£' 1 ) on a Hilbert space 37 containing 37* m 
as a dense subspace arises in this way. The map tt h->■ U n becomes one-to-one after 
restricting to representations n on inner product spaces V whose Hilbert space com¬ 
pletion 37 satisfies 37^ in = V. These are exactly those inner product spaces such that 
V a = Ker (L 0 — ady) C V is complete (i.e. a Hilbert space) for all a E M>o- U n is ir¬ 
reducible if and only if tt is irreducible i.e. if and only if the corresponding %hx-module 
is L(c, 0) for some c>l or c=l - (m+2) 6 (m+3) , m =E Z> 0 . 

3.3 Mobius covariant nets and conformal nets on S l 

We now discuss some properties of Mobius covariant and conformal nets on S 1 together 
with some related notions and definitions. 

Here below we describe some of the consequences of the axioms of Mobis covariant 
and conformal nets on S 1 and give some comments on these referring the reader to 
the literature [101 SB] SH H] for more details and the proofs. Here A is a Mobius 
covariant net on S 1 acting on its vacuum Hilbert space TC. 

(1) Reeh-Schlieder property. The vacuum vector H is cyclic and separating for every 
A(J), I E 3. 

(2) Bisognano-Wichmann Property. Let I E 3 and let A/, Jj be the modular 
operator and the modular conjugation of (A(I),Q). Then we have 


17(h 7 (-2vrt)) = Af, 

(29) 

JjA{I\)Jj = A(jjli), 

(30) 

JlU^Jj = U(j! 0 7 ° jj), 

(31) 


for all t E JR, all I\ E 3 and all 7 E Mob. Hence the unitary representation 
U : Mob —> B(fK) extends to an (anti-) unitary representation of Mob x Z 2 

U(ji) = Ji (32) 
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and acting covariantly on A. 

(3) Haag duality. A(I') = A(I)', for all / E 3. 

(4) Outer regularity. 

A{Iq) — f| A(I), / 0 el (33) 

(5) Additivity. If / = (J a I a , where I, I a E 3, then A(I) = \J it A(I a )- 

(6) Uniqueness of the vacuum. A is irreducible if and only if Ker(L 0 ) = CO 

(7) Factoriality. A is irreducible if and only if either A(I) is a type IIIi factor for 
all I E 3 or A(I) = C for all I E 3. 

Note that Haag duality follows directly from the Bisognano-Wichmann property 
since 

A(iy = J T A(I)J r = A(j r I) = A(I'). 

Note also that if Ker(Lo) = CO then, for every I E 3, CO coincides with the subspace 
of J~C of U{8j (t))-invariant vectors, see [49;, Corollary B.2], Hence, by the Bisognano- 
Wichmann property, the modular group of the von Neumann algebra A(I) with re¬ 
spect to O is ergodic i.e. the centralizer 

{A E A(I) : = A Vt E M} (34) 

is trivial (i.e. equal to Cl^)- It then follows from [[23] that either A(I) is type IIC 
factor or A(I) = C, see e.g. the proof of [73] Tlim.3], see also [77]. 

Since Mob is generated by {8j(t) : I E 3, t E M}, it follows from the the Bisognano- 
Wichmann property that, for a given Mobius covariant net A on S 1 the representation 
U of Mob is completely determined by the vacuum vector hi. In fact, if .A is a 
conformal net, then, by [1011. Thm. 6.1.9] (see also [2D]), the strongly-continuous 
projective unitary representation U of Diff + (S' 1 ) making A covariant is completely 
determined by its restriction to Mob and hence by the vacuum vector Q (uniqueness 
of diffeomorphism symmetry). We will give an alternative proof of this result in 
this paper, see Thm. 16.101 See also [102] for related uniqueness results. 

For a given Mobius covariant net A on S 1 and any subset E <Z S 1 with non-empty 
interior we define a von Neumann algebra A(E) by 

A(E) = \J A(I). (35) 

ICE,I& 

Accordingly, A is irreducible if and only if /[.(S' 1 ) = H(TC). 

Given two Mobius covariant nets A\ and Ao on S 1 , acting on the vacuum Hilbert 
spaces 3ii, TC 2 , vacuum vectors cui, fl 2 and representations Ui, U 2 of Mob. one can 
consider the tensor product net A\ <g) A 2 acting on TCi®!K 2 with local algebras 
given by 

(Ax ® A 2 ) (I) = Ai(I)®A 2 (I) , I e3 : (36) 
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vacuum vector 


( 37 ) 


12 = 12} (^) 1^2 

and representation of the Mobius group given by 

f/( 7 ) = C4( 7 ) (g) U 2 {i), 7 e Mob. (38) 

It is easy to see that , A\ <g> A 2 is a Mobius covariant net on S 1 . In fact, if both A\ 
and A 2 are conformal nets also A\ <E> A 2 is a conformal net. One can define also the 
infinite tensor product (with respect to the vacuum vectors) of an infinite sequence 
of Mobius covariant nets. However it is not necessarily true that if the nets in the 
sequence are all conformal nets then their infinite tensor product is also conformal 
but it will be in general only Mobius covariant, [221 Sect. 6 ]. 

We say that the Mobius covariant nets A\ and A 2 are unitarily equivalent or 
isomorphic if there is a unitary operator (p : ‘Hi —y H 2 such that 0121 = H 2 and 

0Ai(/)0 -1 = A 2 (I) for all / G J. In this case we say that cp is an isomorphism of 

Mobius covariant nets. Since the Mobius symmetry is completely determined by 
the vacuum vectors it follows that 

0 £/ 1 ( 7 )<r 1 = ^2(7) (39) 

for all 7 G Mob. Actually, if A 2 and A 2 are conformal nets then the uniqueness of 
diffeomorphism symmetry implies that 

0EM l)^ 1 = UM (40) 

for all 7 G Diff + (S' 1 ). 

An automorphism of a Mobius covariant net A is an isomorphism g of A onto 
itself. Accordingly the automorphism group Aut(M) of a Mobius covariant net A 
on S 1 is given by 

Aut(M) = {g G UCK) : gA^g- 1 = A(I), gil = o for all I G J}. (41) 

By the above discussion every g G Aut(A) commutes with the representation U of 
Mob (resp. Diff + (S' 1 ) if A is a conformal net). Aut(A) with the topology induced by 
the strong topology of B(7f) is a topological group. 

A Mobius covariant net A on S 1 satisfies the split property if, given /i ,/ 2 G J 
such that /1 C I 2 , there is a type I factor M such that 

A(h) C M C A(I 2 ). (42) 

A Mobius covariant net A on S 1 satisfies strong additivity if, given two intervals 
Ii, I 2 G J obtained by removing a point from an interval / G J then 

A(h)VA(I 2 )=A(I). (43) 

By [24, Thm. 3.2] if a Mobius covariant net A on S 1 satisfies the trace class 
condition, i.e. if Tr(g L °) < +00 for all q G (0,1) then A also satisfies the split 
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property. One can construct many examples Mobius covariant nets without the split 
property by infinite tensor product construction, see [20] Sect.6]. These infinite tensor 
product nets does not admit diffeomorphism symmetry, see [2EL, Thm. 6.2], Actually, 
we don’t know examples of irreducible conformal nets without the split property. 

By [3TJ. Thm. 3.1], the automorphism group Aut(A) of a Mobius covariant net A 
on S 1 with the split property is compact and metrizable. 

Let A be an irreducible Mobius covariant net on S 1 with the split property and let 
/i,/ 2 ,/ 3,/4 G J be four intervals, in anti-clockwise order, obtained by removing four 
points from S 1 . Let E = I\U J 3 . Then / 2 U J 4 is the interior E' of S' 1 \ E. 

Then, 

A(E) C A{E')' (44) 

is inclusion of type IIIi factors (a subfactor). If either A is strongly additive or if A is 
a conformal net then the Jones index [A{E')' : A(E)\ does not depend on the choice 
of the intervals /l,/ 2 ,-^3,-£4 £ J, [SZl Prop.5]. This index is called the //-index of A 
and it is denoted by [ij\. 

An irreducible Mobius covariant net A is called completely rational [67] if it 
satisfies the split property and strong additivity and if the //-index is finite. If A 
is an irreducible conformal net with the split property and finite //-index then it is 
strongly additive and thus completely rational, see [79] Thm. 5.3]. 

We will give various examples of irreducible conformal nets on S 1 starting from 
vertex operator algebra models in Sect. [HI In this section we consider the minimal 
examples namely the Virasoro nets, see also mmmm- 

Let c>0orc = c m = l— ( m+2 ) 6 ( m+3 ) ; m =£ ^>0 and let L(c, 0) be the correspond¬ 
ing irreducible unitary module L(c, 0) with lowest eigenvalue of L 0 equal to 0. Let TC 
be the Hilbert space completion of L(c, 0). Then the positive-energy unitary repre¬ 
sentation of the Virasoro algebra on L(c, 0) integrates to a unique strongly continuous 
projective unitary positive-energy representation U of Diff + (S' 1 ) which together with 
the map 

/ G J ^ A mtiC (I) C B(H) (45) 

defined by 

AmM) = Ml) ■ 7 e Diff(J), I G J}", (46) 

defines an irreducible conformal net A<n\x, c on *S' 1 - Note that locality follows from Eq. 
(1271 ) . The uniqueness of diffeomorphism symmetry implies that two Virasoro nets are 
unitary equivalent if and only if they have the same central charge. For every allowed 
value of c the Virasoro net A^ n c satisfies the trace class condition and hence the split 
property. For c < 1 A^c satisfies strong additivity [B5, 1104] . while for c > 1 it does 
not (I4l Sect.4], A®i„ iC is completely rational for all c < 1 while it has infinite //-index 
for all c > 1. 

3.4 Covariant subnets 

A Mobius covariant subnet of a Mobius covariant net A on S 1 is a map / 1 —>■ J3(/) 
from J in to the set of von Neumann algebras acting on < Kj\ satisfying the following 
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properties: 


3(7) C 71(7) for all / 6 J; 


(47) 


®(/i)cB(/ 2 ) if/ic/j, 7 1 s 7 2 g3. (48) 

77(7)3(7)77( 7 )* = 3 ( 7 /) for all / 6 3, and all 7 6 Mob; (49) 

We shall use the notation 3 C A. If 3(7) = Cl^ for one, and hence for all, 7 G 3 
we say that 3 is the trivial subnet. 

Let 77 C S' 1 be any subset of the circle with non-empty interior and let 

B(E)= V ®( 7 ) < 5 °) 

ICE,I& 

so that 3(77) C 71(77). Then we define 34® C 34 to be the closure of 3(S' 1 )42. 
Then 34® = 34 if and only if 3(7) = 71(7) for all 7 G 3. Hence, typically 72 is 
not cyclic for 3 (S' 1 ) so that 3 is not a Mobius covariant net on S 1 in the precise 
sense of the definition. However one gets a Mobius covariant net by restricting the 
algebras 3(7), 7 G 3, and the representation 77 to the common invariant subspace 
34®. More precisely, let e® be the orthogonal projection of 34 onto 34®. Then e® G 
3(S' 1 )' H 77(M6b)'. Then the map 3 E 5 7 1 —y 77(7) es together with the representation 
Mob 3 7 *—t [ 7 ( 7 ) defines a Mobius covariant net 3 es on S 1 acting on 34®. Note 
that the map b G 3(7) 1 —>■ b [^ G 3(7) es is an isomorphism for every 7 G 3, because 
of the Reeh-Schlieder property, so that, in particular, if 71 is irreducible and 3 is 
nontrivial then 3(7) is a type HR factor on 34 for all 7 G 3. As usual, wen no 
confusion can arise, we will use the symbol 3 also to denote the Mobius covariant 
net 3 es on 34® specifying, if necessary, when 3 acts on 34 = "K A or on 34®. If 71 is 
irreducible then 3 is irreducible on 34®. 

If 71 is an irreducible conformal net and 3 is a Mobius covariant subnet of 71 then, 
by [ 10L Thm. 6.2.29], 3 is also diffeomorphism covariant, i.e. 

77(7)3(7)77(7)* (51) 

for all 7 G Diff + (S' 1 ). Moreover, as a consequence of [ 10b . Thm. 6.2.31], there is a 
strongly-continuous projective positive-energy representation 77® of Diff + (S’ 1 ) on 34 
such that 77 ( 7 ) 77 ®( 7 )* G 3(S' 1 )' for all 7 G Diff+(S' 1 ). It follows that the subnet 3 
gives rise to an irreducible conformal net on 34®. Accordingly in this case we will 
simply say that 3 is a covariant subnet of 71. 

Example 3.5. Every irreducible conformal net 71 we can define a covariant subnet 
3 C 71 by 

3(7) = ( 77 ( 7 ) : 7 G Diff(7), 7 G 3}". (52) 

It is clear that the corresponding irreducible conformal net 3 on 34® is unitarily 
equivalent to the Virasoro net 7l©i tiC , where c is the central charge of the representation 
77. Accordingly, 3 is called the Virasoro subnet of 71 and the inclusion 3 C 71 is 
often denoted by 7l® iViC C 71. We say that c is the central charge of 71. 
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Example 3.6. Let A be a Mobius covariant net and G be a compact subgroup of 
Aut(yi). The fixed point subnet A G C A is the Mobius covariant subnet of A 
defined by 

A g (I ) = A(I) g = {Ae A(I) : gAg- 1 = A for all g e G} led. (53) 
If G is finite then A G is called an orbifold subnet. 

Example 3.7. Let A be a Mobius covariant net on S 1 and let 3 C A be a Mobius 
covariant subnet. The corresponding coset subnet 3 C C A is the Mobius covariant 
subnet of A defined by 


^(/(ES^'nd)/), led, (54) 

see [69j [75], 1103] . If A is an irreducible conformal net and 3 is a covariant subnet 
then, by the results in [55] , we have 3 C (J) = 3(/)' fl A(I), for all led, see also [ TUI . 
Corollary 6.3.6]. 

If A is an irreducible Mobius covariant net and 3 C A is a Mobius covariant 
subnet then the Jones index [A(I) : 3(/)] of the subfactor 3(J) C A(I) does not 
depend on the choice of / G d. The index [A : 3] of the subnet 3 C A is then defined 
by [A : 3] = [A(I) : 3 (/)], led. Assuming that [A : 3] < +oo then, by [75J Thm 
24], A is completely rational if and only if 3 is completely rational. Moreover, the set 
of subnets G C A such that 3 C C (intermediate subnets) is finite as a consequence 
of [El Thm 3], 

4 Preliminaries on vertex algebras 

4.1 Vertex algebras 

In this paper, unless otherwise stated, vector spaces and vertex algebras are assumed 
to be over the field C of complex numbers. We shall use the formulation of the book 
[59] with the emphasis on locality. For other standard references on the subject see 
[391 HB EH 182]. We will mainly consider local (i.e. not super-local ) vertex algebras. 
Thus, differently from [59], we will use the term vertex algebra only for the local case. 

Let V be a vector space. A formal series a(z) = J2 n ez a A) z ~ n ~ 1 with coefficients 
d( n ) G End(C) is called a field, if for every b e V we have a^b = 0 for n sufficiently 
large. A vertex algebra is a (complex) vector space V together with a given vector 
fl e V called the vacuum vector, an operator T e End(V) called the infinitesimal 
translation operator, and a linear map from V to the space of fields on V (the 
state-field correspondence) 

a i-4 F(a,z) = ^a(„)A re_1 (55) 

nEZ 


satisfying: 
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(z) Translation covariance: [T,Y(a,z)\ = Y(a,z ). 

(ii) Vacuum: Tft = 0, V(f2,z) = ly, = a. 

(in) Locality: For all a,b G V , (z — ui) N [Y'(a, z),Y(b,w)] = 0 for a sufficiently 
large non-negative integer N. 

The fields Y(a,z), a G V, are called vertex operators. 

Remark 4.1. Translation covariance is equivalent to 

[T, a( n )] = —na(„_i), a G V,n G Z. (56) 

If a is a given vector in V it follows from the field property that there is a smallest 
non-negative integer N such that d( n )Q = 0 for all n > N. It follows that 0 = 
Tci( Aqfi = [T, a(AT)]h2 = — Nd(N-i)Q and hence N — 0. As a consequence, in the 
definition of vertex algebras, the condition a(_i)Q = a can be replaced by the stronger 
one Y(a, z)fl\ z=0 = a. 


Remark 4.2. In every vertex algebra one always have 


[T,Y(a,z)] = Y(Ta,z), 


(57) 


see [SSI Corollary 4.4 c]. 

With the above definition of vertex algebras, the so-called Borcherds identity 
(or Jacobi identity ), i.e. the equality 


3=0 

OO 


E 7 (w) 


(' m+k—j ) 


C = 


Ec-i) 


3=0 


3 ^ j ) a (m+n-j)b(k+j) c 


^(_l)j+n / n \ b{n+k _ j)a{m+j)C ^ a,b,ce V, m,n,k G Z, 

3=0 ' J ' 


(58) 


is not an axiom, but a consequence, see [SSI Sect. 4.8]. 

For future use we recall here the following useful identity known as Borcherds 
commutator formula which follows directly from Eq. ([58]) after setting n = 0 (see also 
[591 Eq. (4.6.3)]). 


'y ^ 

3=0 

We shall call a linear subspace W C V a vertex subalgebra, if G IE and 
d(n)b G IE for all a, b G IE, n G Z. Since Ta = — a(_ 2 )H, a vertex subalgebra is always 
T-invariant and thus W inherits the structure of a vertex algebra. The intersection 
of a family of vertex subalgebras is again a vertex subalgebra. Accoringly for every 
subset there is a smallest vertex subalgebra IE(J^) containing J^", the vertex 

subalgebra generated by If IE(J^) = V we say that V is generated by 


i a U) b ) 


(m+k-j) 


m,k G Z. 


(59) 
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We shall call a subspace J? C V an ideal if it is T-invariant and a^b G J* for 
a G V, b G n G Z. If ^ is an ideal then we also have b^a G / for a G Id, 
6 G J? , n G Z, see Eq. (4.3.1)]. Conversely if a subspace ^ <Z V satisfies 
d( n )6 G J and 6( n )a G / for a G h, 6 G n G Z then it is T-invariant and hence 
an ideal. A vertex algebra V is simple if every ideal J? C V is either {0} or V. 

A homomorphism, resp. antilinear homomorphism, from a vertex algebra 
V to a vertex algebra W is a linear, resp. antilinear, map 0 : V — > W such that 
(f){a(n)b) = 0(a)(„)0(6) for all a,b G V and n G Z. Sometimes we shall simply write 0a 
instead of 0(a). 

Accordingly, one defines the notions of automorphisms and antilinear auto¬ 
morphisms. Note that if g is an automorphism or an antilinear automorphism, then 

g(Q) = 3(ft) ( _i)fi = 5f(fi ( _i)5f _1 (fl)) = g(g^) = O. (60) 

Moreover, 

g{Ta) = g(a(- 2 )ty = g{a) { - 2 )^ = Tg(a ), (61) 

for all a G E, i.e. g commutes with T. 

Let M be a vector space, and suppose that for each a G V there is a field on M 
Y M (a, z) = ^ajz'"- 1 , ag } G End(M) (62) 

nEZ 

that the map a K > Y hI (a,z) is linear. We shall say that M (with this action) is a 
module over the vertex algebra V, if Y AI (Q,z) = 1 m and the Borcherds identity 
holds on M i.e. 


it (?) ( a A+i) fe )? +fc - J ) C= it^y (f) a fm + n-AUjf 

j =0 V J ' j =0 v y 

oo 

- B- 1 ) 3 '* 

J-0 

Accordingly, one defines the notions of module-homomorphism, submodules and 
irreducibility. 

Every vertex algebra V becomes itself a E-module by setting T' (a,z) = Y(a,z). 
This module is called the adjoint module. If the adjoint module is irreducible then 
V is clearly a simple vertex algebra but the converse is not true in general since the 
submodules of the adjoint module V need not to be T-invariant. 

4.2 Conformal vertex algebras 

Let V be a vector space and let L(z) = J^nez ^n z ~ n ~ 2 be a held on V. If the 
endomorphisms {L n :nGZ) satisfy Virasoro algebra relations 

Q 

\Lni I'm] (T m )L n +m T yy (jl Tl)8— nln ly (64) 


n 


UM 




fyn+fc-j) a (0+j)C 


a, b G V, c G M m,n, k G Z. 


(63) 
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with central charge c G C, then L(z) is called a Virasoro field. 

If Id is a vertex algebra we shall call v e V a Virasoro vector if the corresponding 
vertex operator Y(u,z) = ]Cnez = ^(n+i), is a Virasoro field. 

As in [59j we shall call a Virasoro vector v 6 V a conformal vector if L_! = T 
and Lo is diagonalizable on V. The corresponding vertex operator Y(is, z) is called 
an energy-momentum field and Lq a conformal Hamiltonian for the vertex 
algebra V. A vertex algebra V together with a fixed conformal vector v e V is called 
a conformal vertex algebra, see |591 Sect.4.10]. If c is the central charge of the 
representation of the Virasoro algebra given by the operators L n = iS( n+ p, neZwe 
say that V has central charge c. 

Remark 4.3. Every submodule of the adjoint module of a conformal vertex algebra 
V is T-invariant and hence it is an ideal of V. Accordingly V is simple if and only if 
its adjoint module is irreducible. 

Let V be a conformal vertex algebra and let Y(is, z ) = Ylncz ^nZ~ n ~ 2 be the 
corresponding energy-momentum field. Set V a = Ker(Lo — cx.lv), ex 6 C. The fact 
that Lq is diagonalizable means that V is the (algebraic) direct sum of the subspaces 
V a i.e. 

v = 0 V a (65) 

a£ C 

is graded by L 0 . 

A non-zero element a £ 14 is called a homogeneous element of conformal 
weight (or dimension) d a = a. For such an element we shall set 

a n — i)j ci G 7L d a . (66) 

With this convention, 

Y(a,z)= ^ a n z~ n ~ da . (67) 

nGZ —da 

We have the following commutation relations ( [59], Sect.4.9 and Sect.4.10]) 

[Lo, a n \ = - na n (68) 

[L_i, a n \ = (-n - d a + l)a n _i (69) 

\Li, cin\ (a d a T 1 )ci n -\-i T (L\ci ) n -|_i (70) 

for all homogeneous a G V, n G Z. 

Note that it follows from Eq. (l68]l that 

e aL °a n e~ aL ° = e~ na a n , a G C. (71) 

A homogeneous vector a in a conformal vertex algebra V and the corresponding 
field Y(a, z) are called quasi-primary if Lia — 0 and primary if L n a = 0 for every 
integer n > 0. Since L n Q = z/( n+1 )fi = 0 for every integer n > —1, the vacuum vector 
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f2 is a primary vector in Vq. Moreover, it follows by the Virasoro algebra relations 
that the conformal vector v is a quasi-primary vector in V 2 which cannnot be primary 
if c 7 ^ 0 . 

We have the following commutation relations: 

[-^mj ®ra] ((da l)m 77.) (72) 

for all primary (resp. quasi-primary) a G V, for all n G Z and all m G Z (resp. 
777 G {—1, 0,1}), see e.g. [59) Cor.4.10]. 

We shall say that a conformal vertex algebra V and the corresponding conformal 
vector are of CFT type if V a — {0} for a <£ Z > 0 and V 0 = Cf 1. If V is of CFT type, 
or more generally if V a — {0} for a^Zwe can define the operators a n , n G Z, for all 
a G V, by linearity. In this way Eq. (jSSj) still holds for any a G V. Moreover, we have 

Y(z L °a,z) = a n z~ n (73) 

nGZ 

for all a G Z, cf. [39], Eq. (5.3.13)]. It is obvious that if a G V is homogeneous then 
a n = 0 for all n G Z implies a = 0 and it is not hard to see that this is true also for 
arbitrary a E V . 

In general a vertex algebra V can have more then one conformal vector and hence 
more then one structure of conformal vertex algebra even after fixing the grading. 
When V has a conformal vector v of CFT type the conformal vectors of V giving the 
same grading as v are described by the following proposition. 

Proposition 4.4. Let V be a vertex algebra and let v G V be a conformal vector of 
CFT type with corresponding energy-momentum field Y(u, z) = 'Yh n ^j i L n z~ n ~ 2 . Then 
a vector v G V such that = L 0 is a conformal vector if and only if 


v = v + Ta 


(74) 


where a E V is such that L 0 a = a and a( 0 ) = 0. In this case we have a = \Liv. 


Proof. Let V n = Ker(L 0 — 77ly), n G Z> 0 . Since by assumption v is of CFT type we 
have 

V — 0 w, Vb = 02. 

7T.G^>0 

If v is a conformal vector satisfying = Lq then h G V 2 . 

From Borcherds identity ([58]) with m = —1, n = 1 and fc = 0we get: 


E 

7=0 


hl+7W)(-l- i ) fi = 5Z(- 1 ) 

7=0 


3 ' j ) ^-7)%) Q 


Since v G V 2 we have vy+yv = 0 for j > 2 and since GE Vo — 02 we have 

(z/( 3 )P)(_ 3 ) = 0. It follows that 2v = (V(i)i>)(_i)f2 — (^(2)70 (- 2 )^ = u (i)V ~~ 7V( 2 )V — 
2z> — TLi&. 

Now with a = \L\V we have L 0 a = a and v = v + Ta. Hence d( 0 ) = (Ta)(i) = 
%) - V(y) = 0 . 

Conversely let us assume that a e V± and a( 0 ) = 0. Let z> = u + Ta and let 
Y (z>, z) = L n z~ n ~ 2 be the corresponding vertex operator. Then we have L_i = 

L_! = T and L 0 = L 0 . Moreover, u e V 2 . Now L n v e V 2 -n and hence, using the 
fact that v is of CFT type we find L n v = 0 for n > 2 and Z/ 2 ^ = cH. Thus z/ is 
a conformal vector by [S3 Thm.4.10 (b)]. Finally recalling that Vo = CH and that 
L\v = 0 we find = L\Ta = [Li,L_i]a = 2a, because L\a G Vo = CH and hence 

L_iLia = 0. □ 

4.3 Vertex operator algebras and invariant bilinear forms 

A vertex operator algebra (VOA) is a conformal vertex algebra such that the 
corresponding energy-momentum field Y(u,z ) = ^] ngZ and homogeneous 

subspaces Ker(L 0 — ady) satisfy the following additional conditions: 

(i) V = © neZ V n , i.e. Ker(L 0 - al v ) = {0} for a (£ Z. 

(ii) V n = {0} for n sufficiently small. 

(in) dim(I4i) < cxo. 

Remark 4.5. If Vo = CO, then condition (ii) is in fact equivalent to the stronger 
condition V n = {0} for all n < 0. Indeed, by |92j, Prop. 1], for n < 0 we have that 
V n = L\~ n V 1 C L^ n V 0 and hence if Vo = CO, then V n = {0}. Hence in this case V is 
of CFT type. 

To introduce the notion of invariant bilinear forms, first we shall talk about the 
restricted dual V' of V. As a graded vector space it is defined as 

v = © v; ( 75 ) 

7iEZ 

i.e. it is the direct sum of the duals V* of the finite-dimensional vector spaces V n , 
n G Z. The point is that V' can be naturally endowed with a V-module structure. 
Denote by (•,•) the pairing between V' and V. For each a G V, the condition 

(Y' (a, z)b', c) = (V, Y(e zLl (-z~ 2 ) L °a, z^c) ceV,b' e V' (76) 

determines a field Y'(a, z) on V' and one has that the map a > Y'(a, z) makes V' a V- 
module, see (3UJ Sect.5.2], The module V' is called the contragradient module and 
the fields Y'(a, z) adjoint vertex operators. Note however that the endomorphisms 
ei( n ) G End(V) in the formal series Y(a!^ n yz) = Ylnez a '(n) z ~ n ^ 1 are no ^ bie adjoint of 
the endomorphisms a( n ) in the usual sense. Note also that we have 

(L' n a', c) = (a', L_ n b) a' e V', b e V, n e Z, (77) 


29 


where L' n = z/^. It follows that V' is a Z-graded V module in the sense that 
L' 0 a' = na! for a' G Vf = V*. 

It should be clear from the definition that the P-module structure on V' depends 
on the conformal vector v (more precisely on Lf) and not only on the vertex algebra 
structure of V. 

An invariant bilinear form on V is a bilinear form (•, •) on V satisfying 

(Y(a,z)b,c) = (b,Y(e zLl ( y —z~ 2 ) L °a,z^ 1 )c) a,b,cEV. (78) 

As the module structure on V' , whether a bilinear form is invariant on V depends on 
the choice of the conformal vector giving to the vertex algebra V the structure of a 
VOA. By straightforward calculation one finds that a bilinear form (•,•) on a vertex 
operator algebra V is invariant if and only if 

(■ a n b,c ) = (-l) d “ jfii{ Ll i a )-nc) (79) 

zez> 0 

for all b,c G V and all homogeneous a G V. In particular, in case of invariance, it 
follows that 

( L n a , b) = (a, L_ n b ) a, b G V, n E Z (80) 

and hence, by considering n — 0, that (14, VJ) = 0 whenever k ^ l. Thus the linear 
functional (a, •) is in the restricted dual for every a EV and one can see that the map 
a (a, ■) is a module homomorphisms from V to V'. Conversely, if 0 : V —> V' is a 
module homomorphism, then the bilinear form defined by the formula 

(a,b) = {(f>(a),b) (81) 

is invariant. Since the homogeneous subspaces 14 {n G Z) are finite-dimensional, 
every C-module homomorphism from V to V\ being grading preserving, is injective 
if and only if it is surjective. In particular, there exists a non-degenerate invariant 
bilinear form on V if and only if V' is isomorphic to V as a C-module. In the following 
proposition we list some useful facts concerning invariant bilinear forms for later use. 

Proposition 4.6. Let V be a VOA. Then: 

(i) Every invariant bilinear form on V is symmetric. 

(ii) The map (•,•) i —> (17, •) (4 0 gives a linear isomorphism from the space of invariant 
bilinear forms onto (Vq/LiVi)*. 

(in) If V is a simple VOA then every non-zero invariant bilinear form on V is 
non-degenerate. Moreover, if V has a non-zero invariant bilinear form (•, •) 
then every invariant bilinear form on V is of the form «(-, •) for some complex 
number a. 

(iv) If V has a non-degenerate invariant bilinear form and 14 = CO then V is a 
simple VOA. 
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Proof. For (i) and (ii) see m Prop. 2.6] and [71, Thm.3.1], respectively. 

(in). Let (•, •) a non-zero invariant bilinear form on V. As a consequence of Eq. 
(fm the subspace 

^/V = {a E V : (a, b) = 0 Vb E V} 

is an ideal of V, which by assumption is not equal to V. Hence if V is simple, then 
jV = {0}, i.e. (•,•) is non-degenerate. Now let {•, •} be another invariant bilinear 
form on V. If it is zero there is nothing to prove and hence we can assume that it 
is non-degenerate. Then there exists a V-module isomorphism <f) : V K > V such that 
{a, b} = (0(a), b) for all a, b E V. Since 0 commutes with every a n , a E V, n E Z, 
V is a simple VOA and hence an irreducible V 7 -module. 0 must be a multiple of the 
identity by Schur’s lemma because every VOA has countable dimension, see e.g. [221 
Lemma 2.1.3]. Hence there is a complex number a such that {a, b} = a(a, b ) and the 
claim follows. 

(iv) If J? is an ideal of V, then C J? and hence J? = © neZ (V0 fl J!). If 

PlE J then of course ^ — V. On the other hand, if O 0 J? and Vq = CO we have 
that Vo O ^ — {0} and so O E = {a E V : (a, b) = OVb E J?}. However, is 
clearly an ideal, and hence it coincides with V. Thus J? = {0} by the non-degeneracy 
of (•,•). ‘ □ 

Note that by (ii), if Vo = CO, then a non-zero invariant bilinear form exists if and 
only if LiVi = {0}. In this case, again by (Hi), there is exactly one invariant bilinear 
form (•, •) which is normalized i.e. such that (0,0) = 1. Similarly, if we assume 
that V is simple, then we see from (Hi) that there is at most one normalized invariant 
bilinear form on V. 

Remark 4.7. One can define invariant bilinear forms with similar properties for con¬ 
formal vertex algebras such that L 0 has only integer eigenvalues but without assuming 
that the corresponding eigenspaces V n , n E Z have finite dimension, see [92]. 

Proposition 4.8. Let V be a vertex algebra with a conformal vector v and assume 
that the corresponding conformal vertex algebra is a VOA such that Vo = CO and 
having a non-degenerate invariant bilinear form. Moreover, let v E V be another 
conformal vector such that £ 0 ) = i/p) and assume that there is still a non-degenerate 
invariant bilinear form on V for the corresponding VOA structure. Then v — v. 

Proof. Let (•,•) be the unique normalized invariant bilinear form on V with respect 
to the conformal vector v and let v be another conformal vector with the properties 
in the proposition. By Remark 14.51 v is a conformal vector of CFT type and hence, 
by Prop. 14.41 v = v + T^Lih, where Li = i /( 2 ). Hence Li = V( 2 ) — L{ — (L 1 V)( 1 ) 
Let us assume that ^ 0. Since (•, •) is non-degenerate, there is b E V\ such that 
(Li%), b) 7 ^ 0. Thus 

(O, L x b) = (O, (L x - (L 1 i?) ( 1 ) ) 6 ) = (L x v, b) ^ 0. (82) 

Hence L\V\ ^ {0} and by Prop. 14.61 (ii) there is no non-zero invariant bilinear form 
on V corresponding to V. □ 
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Remark 4.9. It follows from the results in [92] that Prop. 14.81 still holds true if V 
with the conformal vector v is a conformal vertex algebra of CFT type, namely the 
assumption that the L 0 eigenspaces V n , n G Z have finite dimension is not really 
needed. 

Remark 4.10. Prop. 14.81 can be considered as a VOA analogue of the uniqueness 
results for diffeomorphism symmetry proved in [20] and [lTTlj . At the end of Sect. [0] 
it will be shown that the uniqueness results in [201 101] can be proved starting from 
Prop. 14.81 

Corollary 4.11. LetV be a VOA with energy-momentum field Y(u, z) = 

Assume that Vo = CO and that V has a non-degenerate invariant bilinear form (•,•). 
Then for a vertex algebra automorphism or antilinear automorphism g of V, the fol¬ 
lowing are equivalent. 

(i) g is grading preserving i.e. g(V n ) = V n for all n6Z. 

(ii) g preserves (•,•) i.e. either ( g(a),g(b )) = (a, b) for all a,b EV if g is linear, or 
(, g(a),g(b )) = (a, b) for all a,b E V if g is antilinear. 

(iii) g(v) = v. 

Proof, (i) =>■ (iii). If g is grading preserving, then g(y) is a conformal vector such that 
g{v)( i) = i) and (g(-),g(-)) (or (g(-),g(-)), in the antilinear case) is a non-degenerate 
invariant bilinear form for the corresponding VOA structure. Hence by Prop. 14.81 

g 0 ) = v. _ 

(iii) (ii). If g{y) = u then (g(-),g(-)) (or (<?(■), <?(')), in the antilinear case) is 
an invariant bilinear form on V and hence by Prop. 14.61 it must coincide with (•,•) 
because g(O) = O and (O, O) ^ 0 by non-degeneracy. 

(ii) =>■ (i). Every vertex algebra automorphism or antilinear automorphism g 
commutes with T = L_i. If g preserves (•,•) then also its inverse does so, and as g _1 
also commutes with T — L_i, we have 

{a, L\g(b)) = ( Ta,g(b )) = (Tg -1 ^), 6) = (# -1 (a), Li&) = (a,^(Li6)) (83) 

for all a, b e V. Thus by the non-degeneracy of (•,•) it follows that L\g{b) = g(Lib); 
i.e. that g commutes with L\. But then it also commutes with L 0 = \[Li,L_f\ and 
hence it is grading preserving. □ 

In the following we shall say that a vertex algebra automorphism, resp. antilinear 
automorphism, g of a vertex operator algebra V with conformal vector v is a VOA 
automorphism, resp. VOA antilinear automorphism, if g{y) = v and we shall 
denote by Aut(V) the group of VOA automorphisms of V. 

The group Aut(V) has a natural topology making it into a metrizable topological 
group. First note that the group El n ezGL(V n ) of grading preserving vector space 
automorphisms of V is the direct product of the finite-dimensional Lie groups GL(I4), 
n G Z. Hence [J neZ GL(V n ) with the product topology is a metrizable topological 
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group. Now, Aut(V) is a subgroup of JJ neZ GL(V n ) and hence it becomes a topological 
group when endowed with the relative topology. 

A sequence g n G n nez GL(vy converges to g G Q ngZ GL (V n ) if and only if for all 
a E V and all b' G V' the sequence of complex numbers (b',g n a) converges to ( b',ga ). 
Now let g n be a sequence in Aut(V) converging to an element g of n neZ GL(I4)- 
Then for all a,b G V , c' G V' and mGZwe have (c', g(a^ m )b)) = lim n _ j . 00 (c / , g n (a( m )b)) 
= Ymr^^d, g n (a)^ m) g n (b)) = (d, g(a)^ m) g(b)). It follows that g(a {m) b) = g(a)( m) g(b) 
and g G Aut(V). Thus Aut(V) is a closed subgroup of f([ neZ GL(I4)- 

5 Unitary vertex operator algebras 

In this section we define and study the notion of unitary VOA. For closely related 
material cf. [ 28] . 

5.1 Definition of unitarity 

Now let V be a VOA with conformal vector is, and let (•[•) be a scalar product on V, 
namely a positive-definite sesquilinear form (linear in the second variable). We say 
that the scalar product is normalized if (0|0) = 1 and we say that (•[•) is invariant 
if there is a VOA antilincar automorphism 9 of V such that {6 • [•) is an invariant 
bilinear form on V. In this case we will say that 9 is a PCT operator associated 
with (•[•). 

Now let is be the conformal vector of V and let Y(is, z ) = Unez L n z~ n - 2 be the 
corresponding energy-momentum held. Moreover, let (•[•) be a normalized invariant 
scalar product on V with an associated PCT operator 9. Since 9(is) = is, 9 commutes 
with all L n , n G Z. It follows from Eq. (ITU that, for all a,b,c G V and n G Z, we 
have 

(a n b\c) = ( 9(9~ 1 a) n 9~ 1 b\c ) = (b\(9~ 1 e Ll (-l) L °a)- n c). (84) 

In particular if a is quasi-primary we have 

(a n b\c) = (—l) da (6| (9~ 1 a)- n c), (85) 

for all b,c G V and n G Z. In particular 

(L n a\b) = (i a\L_ n b ), (86) 

for all a,b G V and n G Z, i.e. the corresponding representations of the Virasoro 
algebra and of its Mobius subalgebra C{L_i, L 0 , L{\ (isomorphic to 5h(C)) are unitary 
and hence completely reducible. In particular we have V n = 0 for n < 0. 

Proposition 5.1. Let (•[•) be a normalized invariant scalar product on the vertex 
operator algebra V. Then there exists a unique PCT operator 9 associated with (•[•). 
Moreover, 9 is an involution i.e. 9 2 = l v and it is is antiunitary i.e. ( 9a\9b ) = (b\a) 
for all a,b G V. 
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Proof. Assume that 9 is another PCT operator associated with (•[•). Then it follows 
from Eq. (T84l) that (9~ 1 e Ll (—l) L °a) n = (0” 1 e Ll (—1 ) L °a) n for all a G V and all 
n6Z. Hence (see Subsect. 14. 2 p 9~ 1 e Ll (—l) L °a = 9~ l e Ll { — l) L °a for all a G V. Since 
e Ll (—l) L ° is surjective, it follows that 9 = 9. Now, from Eq. (IMj) it also follows that 
a = (e Ll (—1 ) L °) 2 9~ 2 a for all a e V. It follows from Eq. (ITT]) that (—l) L °e Ll (—1) L ° = 
e“ Ll and hence (e Ll (—l) io ) 2 = 1. Thus 9 2 = 1. Finally, given a, b e V, the symmetry 
of the invariant bilinear form (9 ■ [•) implies that (9a\9b) = ( 9 2 b\a ) = (b\a) and hence 
9 is antiunit ary. □ 

Note that if (•[•) is an invariant normalized scalar product on the VOA V and 9 is 
the corresponding PCT operator then the invariant bilinear form [9 ■ [•) is obviously 
normalized and non-degenerate. Hence as a V-module V is equivalent to the contra- 
gradient module V'. Note also that as a consequence of Prop. 15.11 9 is determined 
by (•!•). Conversely, if V is simple, we have (•[•) = (9-,-) where (•, •) is the unique 
normalized invariant bilinear form on V and hence (-|-) is determined by 9. 

Definition 5.2. A unitary vertex operator algebra is a pair (V, (•[■)) where V is 
a vertex operator algebra and (•[•) is a normalized invariant scalar product on V. 

We have the following: 

Proposition 5.3. Let (V, (•[■)) be a unitary VOA. Then V is simple if and only if 
Vo = CO. In particular every simple unitary VOA is of CFT type. 

Proof. Let a e V 0 . Then 

(L_ici | L_io) — [a\L\L_\af = 2(cz|Loci) = 0. 

Hence L_ia = 0 and by [59j, Remark 4.4b], Y(a,z ) = a(_i). Thus, by locality «(-i) 
commutes with every b n , n e Z, b G V. Accordingly if V is simple a(_u is a multiple 
of the identity by Schur’s lemma because every VOA has countable dimension, see 
e.g. [221 Lemma 2.1.3]. Thus a G CO. Conversely if Vo = CO then V is simple by 
Prop. I4~6l (iv). □ 

Remark 5.4. Let (V, (•[•)) be a unitary VOA unitary with PCT operator 9. Then 
the real subspace 

V R = { a e V : 9a = a} (87) 

contains the conformal vector v and the vacuum vector O and inherits from V the 
structure of a real vertex operator algebra. Moreover, V = Vr+*Vr and 140*14 = {0}, 
i.e. V is the complexification of 14- Such a real subspace is called a real form [81]. The 
restriction of (•]■) to 14 is positive definite real valued invariant K-bilinear form on 14 
and hence (-1-) is a positive definite invariant Hermitian form on V in the sense of [81, 
Sect.1.2], Conversely let V be vertex operator algebra over K with a positive definite 
normalized real valued invariant K-bilinear form (•, •) (see |M]J for an interesting class 
of examples) and let V be the complexification of V. Then, (•, •) extends uniquely to 
an invariant scalar product (•[•) on the complex vertex operator algebra. Moreover, 
V coincide with the corresponding real form 14 defined in Eq. (187|) . 
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Remark 5.5. It is straightforward to show that if V\ and V 2 are unitary vertex 
operator algebras then then also V\ <g) V 2 is unitary. 

We conclude this section with some examples of unitary VOAs. 

Example 5.6. The vertex algebra L(c, 0) associated with the unitary representation 
of the Virasoro algebra with central charge c and lowest conformal energy 0 is a simple 
unitary VOA. We call it the unitary Virasoro VOA with central charge c. The possible 
value of c are restricted by unitarity, see Subsect. 13.21 

Example 5.7. Let 0 be a simple complex Lie algebra and let V Sk be the conformal 
vertex algebra associated with the unitary representation of the affine Lie algebra g 
corresponding to g, having level k and lowest conformal energy 0. Then V Qk is the 
simple unitary VOA corresponding to the level k chiral current algebra CFT model 
associated g. 

Example 5.8. Let Vh be the Heisenberg vertex operator algebra associated with the 
unitary representation of the (rank one) Heisenberg Lie algebra with lowest conformal 
energy 0. Then Vh is a simple unitary VOA corresponding to the U(l) chiral current 
algebra CFT model (free boson). 

Example 5.9. Let L be an even positive definite lattice. Then the corresponding 
lattice VOA Vl is unitary, cf. [531 Prop.2.7] and [28] Thm.4.12], 

Example 5.10. Let V : be the moonshine VOA constructed by Frenkel, Lepowsky 
and Meurman [40], see also [84]. Then V^ is a simple unitary VOA. Aut(V) is the 
Monster group M, the largest among the 26 sporadic finite simple groups, cf. [40]. 

5.2 An equivalent approach to unitarity 

The definition of unitarity given in the previous section appears to be very natural 
from the point of view of vertex operator algebras theory. In this subsection we will 
show that it is natural also from the point of view of quantum held theory (QFT). 
To simplify the exposition we shall consider in detail only the case of vertex operator 
algebras V with Vo = CO. 

From the QFT point of view, in agreement with Wightman axioms [95] the basic 
requirements for unitarity should reflect the following properties: 

(1) The spacetime symmetries act unitarily. 

(2) The adjoints of local fields are local. 

To give a precise formulation of these requirements we need some preliminaries. Let 
V be a vertex operator algebra with energy-momentum held Y (/y, z) = L n z~ n ~ 2 

and let (•[•) be a normalized scalar product on V. We say that the pair (V, (•[•)) has 

unitary Mobius symmetry if for all a,b E V 

(L n a\b) = (a\L_ n b), n = -1,0,1. (88) 
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Now let A E End(V). We say that A have an adjoint on V (with respect to (j-)) if 
there exists A + E End(V) such that 

(a\Ab) = (A + a\b), (89) 

for all a,b E V. Clearly if A + exists then it is unique and we say that A + is the 
adjoint of A on V. If TCy denotes the Hilbert space completion of (V, (j-)) then each 
A E End(V) may be considered as a densely defined operator on TCy. Then A + exists 
if and only if the domain of Hilbert space adjoint A* of A contains V and in this case 
we have A + C A*, i.e. A + = A*\ v . 

It is easy to see that the set of elements in EndV having an adjoint on V is 
a subalgebra of EndV containing the identity ly and closed under the operation 
A i— y A + . In fact if A, B E EndV admit an adjoint on V then, for all a, (3 E C, 
(aA + /3B) + = aA + + ]3B + , ( AB) + = B + A + and A ++ = (H+)+ = A. 

Lemma 5.11. Let (V, (-|-)) have unitary Mobius symmetry. Then, for any a E V 
and n E7L, the adjoint af of a n on V exists. Moreover, for any b E V there exists an 
N E Z> 0 such that if n > N then af n b = 0 

Proof. From unitary Mobius symmetry it follows that the finite-dimensional subspaces 
V n = Ker(L 0 —nly) of V are pairwise orthogonal. Since a n (I4) C I4_ n , we may view 
a n \ Vk as an operator between two finite-dimensional scalar product spaces, and so it 
has a well-defined adjoint (a n \ Vk )* E Hom(I4_ n , 14). It is easy to check that 

a n = © fceZ ( a ™k)* ( 90 ) 

is indeed the adjoint of a n on V (and so it exists). From its actual form we also see 
that af n (Vk) C Vk- n which shows that indeed for any b E V there exists an N E Z 
such that if n > N then af n b = 0. □ 

Now let (V, (-1-)) have unitary Mobius symmetry. From the previous lemma it 
follows that for every a EV the formal series 

Y («> -) + = Z) a U Zn+1 = Z a f-n-2)«~ n_1 ( 91 ) 

nGZ nEZ 

is well defined and gives a field on V i.e., for every b E V, a+_ n _ 2 ^b = 0 if n is 
sufficiently large. 

For a EV we say that the vertex operator Y (a, z) has a local adjoint if for every 
b EV the fields Y(a,z) + , Y(b,z) are mutually local i.e. 

(z-w) N [Y(a,z) + ,Y(b,w)]=0, (92) 

for sufficiently large N E Z>o and we denote by the subset of V whose elements 
are the vectors a E V such that Y(a, z) has a local adjoint. 
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Remark 5.12. The adjoint vertex operator Y(a, z) + should not be confused with the 
adjoint vertex operator Y'(a, z ) in the definition of the contragradient module V’ in 
Subsect. 14.31 


Lemma 5.13. For a,b E V, Y(a,z) + and Y(b,z ) are mutually local if and only if 
Y(a,z ) and Y(b, z) + are mutually local. 

Proof Let N E Z> 0 . Then 


(z-w) N [Y(a,z) + ,Y(b,w )] 


N 

£ E 

j=0 (m,n)GZ 2 


N 




iV 


Vm, n G Z, 

j =o 

N 


a (m+j-N)ib(n+j) ( ) ( 1) 


IV 


e ^ [ a Jn+j-JV)» 6 (n+j)] (- 1 ) 


+ 


0 4 » 
0 4* 

0 4 » 

0 44- 


N 

Vm, n E Z, £ a (m+j-N)i b^ n+ j) 

3 = 0 
N 

Vm,n [a(m+j), 

3=0 



(z — w) N [' Y(b , 2 )" 1 ", Y'( a ? u ’)] 


0 44- 

0 44- 

0. 


□ 


Proposition 5.14. I/d-) a ver tex subalgebra ofV. 

Proof. It is clear that Vd4) j s a subspace of V containing 12. Now let a, b E Pd-^ 
c G V and n E Z. By Lemma 15.131 F(a, z), Y ( b , 2 ) and F(c, 2 ) + are pairwise mutually 
local fields on V. Hence by j5£l Prop. 4.4.] and Dong’s Lemma [59] Lemma 3.2.] 
Y(a( n )b,z ) and F(c, z) + are mutually local. Since c G V was arbitrary Lemma 15.131 
then shows that Y(a^ n )b,z) has a local adjoint, i.e. a^b E pdO. □ 

Lemma 5.15. Let a E Fd9 y e a quasi-primary vector. Then there is a quasi-primary 
vectora E V"d-) w ith da = d a and such that z~ 2da Yfa, z) + = Y(a,z), equivalently 
af = d- n for all n 6 Z. 

Proof. The held z~ 2da Y(a, z) + coincides with a - n z ~ n ~ da - Since 

[L— 1, 0_ n ] = [P'—ijO— n\ = \L\,CL—n\ 

= -((d a - 1 + n)a_ n+1 ) + = ~{d a - 1 + n)a+ n+1 , (93) 
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it is translation covariant and hence, cf. [59[ Remark 1.3.] z~ 2da Y(a, z) + 0 = e zJj ~' ajML 
By assumption Y(a,z) + is mutually local with all fields Y(b,z), b G V. Hence 
z - 2 d a y ( a; ~)+ is also mutually local with all fields Y(b,z),bE V. From the uniqueness 
theorem fSU, Thm.4.4.] it then follows that z~ 2da Y(a, z) + = Y(a,z) where a = ajr O. 
Since Y(a, z) + = z 2da Y (a, z) we have a G Moreover, L 0 a^ a Q = — [L 0 ,a da ] + Q = 

d a a\ O and Liaf O = — [L_i, a^J+O = (—2 d a + l)a][ _ 1 0 = 0 and hence a is quasi¬ 
primary of dimension d a ■ □ 

The following theorem is a vertex algebra formulation of the PCT theorem [95] . 

Theorem 5.16. Let V be a vertex operator algebra with a normalized scalar product 
(•|-). Assume that that Vo = CO. Then the following are equivalent 

(i) (R,(-|-)) is a unitary VOA. 

(ii) (V, (-I-)) has unitary Mobius symmetry and = V, i.e. every vertex operator 
has a local adjoint. 

Proof. Let Y(u, z) = L n z~ n ~ 2 be the energy-momentum field of V. That (*) =$> 

(ii) is rather trivial. Indeed, suppose that (V, (■ | ■)) is a unitary VOA and let 9 be 
the corresponding PCT operator. From Eq. (j86l) it follows that the pair has unitary 
Mobius symmetry. If a G V is a homogeneous vector, then by Eq. (j84l) and the 
properties of 9 we have af n = (— l) da Yhez >0 \(L l iOa)n f° r all n G Z. Hence 



(94) 


Jez > 0 


is mutually local with all fields Y(b,z ), b G V and since the homogeneous vector a 
was arbitrary it follows that I/O'* — y 

Let us now prove (ii) =>■ (i). Assume that (V, (•[•)) has unitary Mobius symmetry 
and that V^'A = V. We first show that V is simple. 

Since V 0 = Cfi, by Remark 14.51 V is of CFT type. Let / C b be a non-zero 
ideal. Since L 0 / C J? we have 


/ = ®/nK. 


n>m 


for some m G Z> 0 such that J? D V m ^ {0}. Let a be a non-zero vector in J? D V m . 
Then a is quasi-primary of dimension m and by Lemma 15.151 there exists a G V m such 
that a m = af m . Then a m a = a m a- m Pt is a non-zero vector in JY D Vo- Accordingly 
flG / and JY — V. Hence V is simple. 

Now let a G V\. Since Vo = CO and Lia G Vo we have L_ 1 Lia = 0 and from unitary 
Mobius symmetry it follows that (Lia\Lia) = 0 and hence Lia = 0. Accordingly 
LiVi = {0} and by Prop. 14.61 it follows that there is a unique normalized invariant 
bilinear form (*, •) on V which is non-degenerate being V simple. 
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The finite-dimensional subspaces V n , n G Z> 0 , satisfy (V n \V m ) = 0 and (14, V m ) = 
0 for n ^ m. Thus there exists a unique 9 : V —> V antilinear, grading preserving 
map such that (•,•) = ( 9 ■ |-). 

By Corollary 14. 11 1 and Prop. 15.11 all we have to show is that the above introduced 
conjugate linear map 9 is actually a vertex algebra antilinear automorphism. 

First of all from the non-degeneracy of (•, •) it follows that 9 is injective and since 
9V n C V n and V n is finite-dimensional for all n G Z> 0 then 9 is invertible. Note also 
that by unitary Mobius symmetry it follows that 9 commutes with L n , n = —1, 0,1. 

Now let a G V = be a quasi-primary vector. By Lemma 15.151 there exists a 
quasi-primary vector a G Vd a such that af = a_ n , n G Z. We have 

(9a n b\c) = (a n b, c) = (-1 ) da (b,a_ n c) = (~l) da (9b\a_ n c) = (-l) da (a n 9b\c), 

for all b , c G V, showing that 9a n = (—1 ) da a n 9. Since Vo = CO and (0|0) = (O, O) = 
1, we have that OVL = O. Therefore, 9a = 0a_d a V = (—1 ) da a~d a 9V = (—1 ) da ci. Hence, 
for every quasi-primary vector a we have Oa^O" 1 = (9a)( n ) for all n G Z. Since 9 
commutes with L_i and since by unitary Mobius symmetry the vectors of the form 
L k _ x a with k G Z>o and a quasi-primary span V, then, recalling Remark 14.21 it follows 
that 9b(n)9~ l = (06)( n ) for all b G V, n G Z and hence 9 is a vertex algebra antilinear 
automorphism. □ 

Now let V be a vertex operator algebra with a normalized scalar product (•!■) and 
let a G V be a quasi-primary vector. Then we shall call the corresponding quasi¬ 
primary field Y(a,z ) Hermitian (with respect to (-|-)) if (a n 6|c) = (6|a_ n c) for all 
6, c G V and all n G Z. This means that for all n G Z the adjoint of a n on V 
exists and coincides with a_ n . The following consequence of Thm. 15. 161 gives a useful 
characterization of simple unitary vertex operator algebras. 

Proposition 5.17. Let V be a vertex operator algebra with conformal vector v and let 
(•|-) be a normalized scalar product on V. Assume that V 0 = CfL Then the following 
are equivalent 

(?) (V, (•!•)) is cl unitary vertex operator algebra. 

(ii) Y(u,z) is Hermitian and V is generated by a family of Hermitian quasi-primary 
fields. 

Proof. (?) (ii). If (V, (•(•)) is a unitary vertex operator algebra and 9 is the corre¬ 

sponding PCT operator then Y(u,z ) is Hermitian by Eq. (1861) . Moreover, if a is a 
quasi-primary vector then, by Eq. (1851) af = (—1 ) d (9a)- n for all n. Accordingly if 
b= i(a+ (— l) da 9a) and c = -y(a — (— l) da 9a) thenF(6,z) are and Y(c, z) are Hermi¬ 
tian quasi-primary fields such that Y (a, z) = Y(b, z) + iY(c, z). Since V is generated 
by its quasi-primary fields then it follows that it is also generated by its Hermitian 
quasi-primary fields. 

(ii) (?) If Y(u,z) is Hermitian then the normalized scalar product (-|-) has 
clearly unitary Mobius symmetry. Now let & C V be the generating family of quasi¬ 
primary vectors corresponding to a generating family of Hermitian quasi-primary 
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fields. Then for a G & the hermiticity condition gives Y(a, z) + = z 2da Y(a, z) and 
hence Y(a,z ) has a local adjoint i.e. a G V^'\ Hence C V^-) and since & 

generates V and RC-) is vertex subalgebra of V by Prop. 15. 141 it follows that V = pCO 
and hence, by Thm. 15.161 (V, (-|-)) is a unitary vertex operator algebra. □ 

5.3 Unitary automorphisms and essential uniqueness of the 
unitary structure 

Now, let (V,(-|-)) be a unitary vertex operator algebra. We denote by Aut(.|.)(V) 
the subgroup of the elements of Aut(V) which are unitary with respect to (-|-). In 
other words an element g of Aut(.|.)(V) is a VOA automorphism of V such that 
(ga\gb) = ( a\b ) for all a,b G V. We will say that Aut(.|.)(V) is the automorphism 
group of the unitary VOA (V, (-|-)). 

Remark 5.18. It follows from Prop. 14.61 (Hi) that if V is simple and g G Aut(V) 
then g G Aut(.|.)(V) if and only if g l 9g = 6. Accordingly, if Vr = {a G V : 9a = a} 
is the real form as in Remark 15.41 then g G Aut(.|.)(V) if and only if g restricts to a 
VOA automorphism of the real vertex operator algebra Vr- Conversely, every VOA 
automorphism of V® give rise to a VOA automorphism of V and hence we have the 
identification Aut(.|.)(V) = Aut(Vji). 

In general Aut(.|.)(V) is properly contained in Aut(V). If g G Aut(V) is VOA 
automorphism of V which does not belong to Aut(.|.)(V) then {-|-} = (g ■ \g-) is a 
normalized invariant scalar product on V different from (-|-). In fact 9 = g~ l 9g is an 
antilinear VOA automorphism of V and {9 ■ |-} = (9g ■ \g-) is an invariant bilinear 
form on V. In the case of a simple unitary VOA every normalized invariant scalar 
product arises in this way. In fact we have the following 

Proposition 5.19. Let (V,(-|-)) be a simple unitary VOA with PCT operator 9 and 
let {-|-} be another normalized invariant scalar product on V with corresponding PCT 
operator 9. Then there exists a unique h G Aut(V) such that: 

(i) {a|6} = (ha\hb) for all a,b G V; 

(ii) 9 = h~ 1 9h; 

(Hi) 9h9 = h -1 ; 

(iv) (a | ha) > 0 for every non-zero a G V. 

Proof. Let g = 99. Then g is an automorphism of V. Moreover, since 9 and 9 are 
involutions we have 9g9g = ly and hence 9g9 = g~ l . From Prop. 14.61 (Hi) we have 
{9g ■ |-} = {9 ■ |-} = (6 ■ |-) and hence 

(ga\b) = (99ga\b) = {9g9ga\b} 

= { a\b }, 
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for all a,b G V. It follows that for every integer n the restriction of g to V n is a strictly 
positive Hermitian operator (with respect to (•]•) ) end hence that g is diagonalizable 
on V with positive eigenvalues. Hence we can take the square root of g and define 
h = g 1 / 2 . With this h (i) - (iv) hold and we have to show that h G Aut(V). It is clear 
that h leaves 9 and v invariant. Now if a, b are eigenvectors of g with eigenvalues A a 
and A;, respectively and ngZ then 


Hence 

h(o(n)^) (A a Aft) ^ a( n )& h(a)( n )h(b), 

and by linearity, since g is diagonalizable, it follows that h G Aut(U). The uniqueness 
of h can be easily shown using {%) and (ii). □ 

As a consequence of the above proposition a simple VOA has, up to unitary iso¬ 
morphisms, at most one structure of unitary VOA. We know from the same Prop, 
that this structure is really unique (i.e. not up unitary isomorphisms) iff every au¬ 
tomorphism of V is unitary. Using [59], Remark 4.9c] one can easily give examples 
of non-unitary automorphism. However there are VOA for which the the normalized 
invariant scalar product is unique and we will give a characterization of this class 
using the topological properties of Aut(V). 

Let (V, (•!•)) be a unitary VOA. Then V is a norrned space with the norm ||a|| = 
(a|a) 1//2 , a G V. Using the norm on V we can topologize End(V) with the strong 
operator topology. The corresponding topology on Aut(V) coincides with the topology 
discussed at the end of Subsect. 14.31 Being a subgroup of Aut(V), Aut(.|.)(V) is also 
a topological group. We have the following 

Lemma 5.20. Let (V, (•!•)) be a unitary VOA. Then Aut(.|.)(V) is a compact subgroup 
of Aut(V). 

Proof. Let U(W), n G Z be the compact subgroup of GL {V n ) whose elements are the 
unitary endomorphisms with respect to the restriction of (•]•) to V n . Then YI nGZ U(V n ) 
is the subgroup of unitary elements the group Yl neZ GL(V n ) of grading preserving vec¬ 
tor space automorphisms of V. Since Wn^ViVn) is compact by Tychonoff’s theorem 

Aut ( .|.)(U) = Aut(V)n n u (K) 

7iEZ 

is also compact because Aut(V) is closed in Y\ n ^ z G\j(y n ), see the end of Subsect. 

I4~3l □ 

Theorem 5.21. Let (V, (•]•)) be a simple unitary VOA and let 6 be the corresponding 
POT operator. Then the following are equivalent: 

(i) (-I-) is the unique normalized invariant scalar product on V. 
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(ii) Aut(.|.)(V) = Aut(V). 

(Hi) Every g G Aut(V) commutes with 9. 

(iv) Aut(V) is compact. 

(v) Aut(.|.)(V) is totally disconnected. 

Proof. The implication (i) =>■ (ii) is clear from the comments before Prop. 15.191 Now, 
let g be a VOA automorphism of V. Then g G Aut(.|.)(V) iff ( gda\gb ) = (9a\b) for 
all a,b G V. By Corollary 14.111 we have (9ga\gb) = ( 9a\b ) for all a,b G V. Hence 
g G Aut(.|.)(H) if and only if 9 and g commute proving (ii) <G> (Hi). The implication 
(ii) =>■ (iv) follows from Lemma [5.201 

Now let {-I-} be a normalized invariant scalar product on V. By Prop. 15.191 there 
is a VOA automorphism h of V which is diagonalizable with positive eigenvalues and 
such that {a\b} = (ha\hb) for all a, b G V. Moreover, by the same proposition A is an 
eigenvalue of h if only if A -1 is. Hence if h is not the trivial automorphism then it has 
an eigenvalue A > 1 and since h preserves the grading we can find a corresponding 
eigenvector a G 14 for some positive integer n. But then the sequence h m (a) = X m v 
is unbounded in V n and (iv) cannot hold proving that (iv) — y (i). Similarly if a 
nontrivial h G Aut(V) has the properties given in Prop. 15.191 then R. 3 t t —y h lt is 
a nontrivial continuous one-parameter group in Aut(.|.)(V) so that (v) cannot hold. 
Hence (v) =>■ (i). 

To conclude the proof of the theorem we now show that (ii) =>■ (w). Let us assume 
that Aut(.|.)(V) is not totally disconnected and denote by G its component of the iden¬ 
tity. Then G is a closed connected subgroup of Aut(.|.)(V) which is not just the iden¬ 
tity subgroup {ly}. For every N G Z> 0 we denote tin the projection of Yl neZ GL(\4) 
onto ntoGL(K). The maps tt n , N G Z> 0 separate points in Y\_ n&z GL(V n ) (re¬ 
call that V n = {0} if n < 0). Moreover, if N \, N 2 are non-negative integers and 
N 2 > Ni we denote by ttn 2 ,n 1 the projection of n^=o GL (V n ) onto n^=o GL(\4) 
so that ttn 2 ,Ni ° t^n 2 — 71 n x - For every N G Z> 0 Gn = 7 Tn(G) is a compact (and 
thus closed) connected subgroup of the finite-dimensional Lie group GL (V n ) 

and ,for sufficiently large N, Gn is not the identity subgroup. Moreover, if Ni,N 2 
are non-negative integers and N 2 > A r 1 7 tn 2 ,Ni restricts to a group homomorphism 
of Gn 2 onto Gnx- As a consequence, for every N, we can choose a continuous one- 
parameter group 1 1 —y 0v(t) in Gn so that f>N(t) is nontrivial for sufficiently large N 
and 7TN 2 ,Ni( ( pN 2 (t)) = 4>Nx (t) for N 2 > N\. Now it is not hard to show that there is a 
group homomorphism G f(t) in G such that 7iN(4>(t)) = 4>N(t) for all N G Z> 0 . 

Clearly R 9 1 i—>■ <f>(t) is continuous and nontrivial. Now let 5 be the endomorphism 
of V defined by 5(a) = ^0(f)a|t =o , a G V. Then 5 is a derivation of V ( i.e. 5(a^ n )b) 
= 5(a)( n )b + a(n)5(b) for a, b G V, n G Z) commuting with L 0 . Moreover, f>(t) = e tS 
so that 5 is non-zero and the VOA automorphism e aS cannot be unitary for every 
a G C. □ 
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5.4 Unitary subalgebras 

Let (V, (-,-)) be a unitary VOA, with PCT operator 9 and energy-momentum field 
Y(is, z ) = L n z~ n ~ 2 and let W C V be a vertex subalgebra. Recall that the 

invariant scalar product allows to consider the adjoints of vertex operators. Obviously, 
if LU is a vertex subalgebra of V and a, b G W, then the product a^b belongs to W 
for every ngZ, but there is no guarantee that is in W, too. This fact motivates 
the following definition. 

Definition 5.22. A unitary subalgebra W of a unitary vertex operator algebra 
(V, (•,•)) is a vertex subalgebra of V satisfying the following two additional properties: 

(i) W compatible with the grading, namely W = © neZ (JF n v n) (equivalently 
L 0 W C W). 

(ii) afsb G W for all a,b eW and fifZ. 

Note that if (i) is satisfied then (ii) is equivalent to afb G W for all a,b e W and 
ngZ. 

The following proposition gives a useful characterization of unitary subalgebras of 
the unitary vertex operator algebra V. 

Proposition 5.23. A vertex subalgebra W of a unitary vertex operator algebra V is 
unitary if and only if 9W C W and LfW C W . 

Proof. Let W be a unitary subalgebra of V. If a E W is homogeneous, by Eq. (l84|i 
we have 

OO 

< = (-!)“• J2-PM-n. (95) 

3-0 3 ' 

for all n G Z. Hence YlpLo Oa)- n Vt G W for all n G Z. For n = 0 we find that 

L^Oa G W. For n — 1 that also Lf a_1 0a G W and so on. Hence, L{9a G W for all 
j G Z> 0 . Since the homogeneous vector a G W was arbitrary it follows that QW C W 
and L X W C W. 

Conversely let us assume that IF is a vertex subalgebra of V such that 9W C W 
and LiW C W. Since every vertex subalgebra is L_ i invariant we also have 

L 0 W = ^{LuL.fW C W. 

Moreover, Property (ii) in the definition of unitary subalgebras is an easy consequence 
of Eq. (J84]). □ 

Using the definition and the above proposition one can give various examples of 
unitary subalgebras of a unitary vertex operator algebra V. 
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Example 5.24. The vertex subalgebra L(c, 0)cV generated by the conformal vector 
v of the unitary VO A V having central charge c is a unitary subalgebra. We call it 

the Virasoro subalgebra ofV. 

Example 5.25. For a closed subgroup G C Aut(.|.)(E), the the fixed point subalgebra 
V G (i.e. the set of fixed elements of V under the action of elements of G ) is unitary. 
In fact every g E G commutes with 9 and L\ and hence 9V G C V G and L\V G C V G . 
When G is finite V G is called orbifold subalgebra. 

Example 5.26. A vertex subalgebra W C V generated by a 6 invariant family of 
quasi-primary vectors, is clearly invariant for 6 and from Eq. (170]) it easily follows 
that it is also invariant for L]_. Hence W is unitary. 

Example 5.27. Let W be a vertex subalgebra of a unitary vertex operator algebra 
V. Then W c = {b E V : [Y(a, z),Y(b,w)] = 0 for all a E W} is a vertex subalgebra 
of V, and we call it coset subalgebra (see [50 > Remark 4.6b] where W c is called 
centralizer). By the Borcherds commutator formula Eq. (1501) b E V belongs to W c 
if and only if a^b = 0 for all a E W and j E Z> 0 , cf. [59] Cor.4.6. (b)]. Now if W 
is a unitary subalgebra and a,b G W c then, for all c G W and all n, m G Z, we have 
[ a (n), c (m)] — [ct),a (B) ]+ = 0, as a consequence of Eq. (1051) . Hence for all c G W, 
j G Z> 0 , n E 7L we have c^af^b = afsC^b = 0 so that o.f,b G W c . Moreover, if 
a E W is homogeneous and b E W c then a(j)L 0 b = aj-d a +iL 0 b = L 0 dj-d a +ib + (j — 
d a + l)aj-d a+ \b — Lod^j'jb T (j — d a T 1 )o(j)6 — 0 for all j E o- Hence LqW c a W c . 
It follows that if W C V is an unitary subalgebra then the corresponding coset 
subalgebra W c C V is also unitary. 

Now, suppose that W C V is a unitary subalgebra. Then W, is a vertex algebra 
and it inherits from V the normalized scalar product (■]■). We want to show that 
when V is simple can we find a conformal vector for the vertex algebra W making 
the pair (H 7 , (•[•)) into a simple unitary VOA. In order to do so, let us first note that 
the orthogonal projection ew onto W, is a well-defined element in End(E). This is 
an easy consequence of the fact that W is compatible with the grading, and that the 
subspaces V n (n E Z) are finite-dimensional. Note also that = ew 

Lemma 5.28. Let W C V be a unitary subalgebra. Then [Y(a, z),ew] = 0 for all 
a E W, [L n ,ew\ = 0 for n = —1,0,1 and [6, ew] = 0. Moreover, for every a E V, 
e\yY (a, z)ew = Y (ejyci, z)ew. 

Proof. Let a E W. Since, for every n E Z, W is invariant for apq and a we have 
e\v a (n) = ew a (n)Cw — ( e w a (n) e w) + = ( a (n) e w) + = &w a (n) f° r integer n. Hence 
[Y(a, z), ew\ = 0. By Prop. 15.231 W is also invariant for L n , n = —1,0,1 and for 
6. Since Lf = L_i, Lf = Lq and 6 is an antiunitary involution it follows that 
[L n , ew] = 0 for n = —1, 0,1 and [ 9 , ew] = 0. 

Now let a E V. Then ewY(a, z)ew\w a on ^ which is mutually local 
with all vertex operators Y(b, z) \ w , b E W. Moreover, ewY (a, z)ew^ = ev^e 2l,_1 a = 
e zL - 1 ewd. By the uniqueness theorem [59] Thm.4.4], we have ewY(a, z)ew\w = 
Y(ewa,z)l w . Thus ewY (a, z)ew = Y(ew a, z)ew- □ 


44 




Proposition 5.29. Let (P,(-|-)) be a simple unitary VOA with conformal vector v, 
W be a unitary subalgebra of V and = ey/v. Then 9v u = z/" and Y(u w ,z ) = 
YhnGi.Ln zr n ~ 2 is a Hermitian Virasoro field on V such that Lff \ w = L n \ w for 
n — —1,0,1. In particular v w is a conformal vector for the vertex algebra W and W 
endowed with is a vertex operator algebra. Moreover, (W, (•!•)) with the conformal 
vector v w is a simple unitary VOA with PCT operator 9\ w . 

Proof. By Lemma 15.281 u\y is a quasi-primary vector in V 2 and the coefficients in 
the expansion Y(y w ,z) = S n ez Lff nT n ~ 2 satisfy Lffew = ewL n ew■ Moreover, for 
n = —1, 0,1 we also have L]f ew = L n ew and hence Lff \ w = L n \ w . 

From Borcherds commutator formula Eq. Q55J) and the fact that iff =0 for 
j > 2 we have (m, n e Z) 


[L 


w 

m 5 



(LY ) (jn+n+ 2 ) + (nr + 1 ){L^0 )(m+n+l) 


mm 


1) 


(LY )(m+n) + 


m\m 


1) 


( tW.,W\ 

\J-12 V J(m+n—!)• 


Now, L W \ = L_ \v w , LjfV 11 = = 2uw and Lf = 0. Moreover, 

since V is simple, we have Vo = Cff by Prop. 15.31 so that Lf zd' = for some 
Cy 1 / G C. ffence 


[L 


w 

m ? 



+ 


— (m + n + 2)(z/ w )( m +n+i) + 2(m + 1 )(n w )( m + n +i) 
^(m 3 - m)8 m - n l v 

(m - n)LZ +n + A7f( m3 - m)8 m - n l v , 


i.e. Y[y w ,z) is a Virasoro held with central charge cw- That (W, (-| )) is a unitary 
VOA with PCT operator 6\ w now follows directly from the fact that W is invariant 
for 6, and L n , n = —1,0,1. Moreover, W is simple by Prop. 15.31 because W 0 = 

w n v 0 = co. ' □ 


Remark 5.30. Let W be a unitary subalgebra of a simple unitary vertex operator 
algebra. Then the following are equivalent: 

(i) w = cn. 

(ii) = 0, where uw = e^z/. 

(in) Cw = 0, where Cw is the central charge of v W - 

Proposition 5.31. Let (V,(-|-)) be a simple unitary VOA with conformal vector v, 
let W be a unitary subalgebra of V and le W c be the corresponding coset subalgebra. 
Then we have v = zv" + zd 1 V Moreover, the operators Lf = z/'J^ and Lff = &re 
simultaneously diagonalizable on V with non-negative eigenvalues. 
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Proof. Let zd = z/ — zd' and let a G W. By Prop. I5.29l we have uVa = 0 for j = 0,1, 2. 
Hence by the Borcherds commutator formula Eq. (T59l) we have [z/W, Q( n )] = 0, for 
m — 0,1,2 and all n G 7L. Note also that since zd' is quasi-primary then [Lq, Lf ] = 0 
and hence = e log ^d L cd is well defined on V. As a consequence we End 

zf°Y(a, z)zf L ° = z^Y{a, z)zf L * (96) 

and 

zf°Y(z/, z)zf L ° = Y(i/, z). (97) 

Hence if a G W is homogeneous then 

z^[Y(u',z),Y(a,w)]z^ = [Y(i /, z), zf°Y(a,w)zf L °} 

= w da [Y(u', z),Y(a, Z\w)]. (98) 

Hence, by locality, [F(zd, z), Y(a, w)\ = 0 for all homogeneous a 6 lb so that 
zd G W c . The same argument also shows that v — z/ w c G bP cc . Accordingly, for every 
b G W c we have 

[Y(u', z), Y(b, m)] = [Y(u, z), Y(b, w)} = [Y(u w \ z), Y(b, w)} (99) 

and thus u'—u n ° G W c (lW cc . It follows that Y(u'—u wc , z) commutes with the energy- 
momentum held Y(i/,z) and hence with all vertex operators Y(a,z), a G V. Since V 
is simple we have Y (z/ — v wc , z) G Cl and hence z/ = zd' c so that u = + zd T c . 

Now, Lg and iff" coincide with their adjoints on V and commute. Moreover, 
they commute with L 0 which is diagonalizablc with finite-dimensional eigenspaces. 
Hence Lf and Lf c are simultaneously diagonalizable on V with real eigenvalues. 
It remains to show that these eigenvalues are in fact non-negative. Let a G V be 
a non-zero vector such that Lf a = sa and Lf°a = ta, s,t G R. Assume that 
s < 0. Then as a consequence of unitarity and of the fact that Y{y w , z) is a Virasoro 
held it easy to show that (Lf') n a is non-zero for every positive integer n. Moreover, 
L 0 (LY) n a = ( s + t -n)(LfTa in contradiction with the fact that Lq has non-negative 
eigenvalues. Hence s > 0 and similarly t > 0. □ 

Corollary 5.32. Let W be a unitary subalgebra of the unitary Virasoro VO A L(c, 0). 
Then, either W = CQ or W = L(c, 0). 

Proof. Since L(c, 0)2 = = Czz, see e.g. [62], then either W 2 = {0} and hence 

uw = 0 so that W = 0 by Remark [5.301 or W 2 = Co and hence W = L(c, 0), because 
L(c, 0) is generated by v. □ 

We conclude this section with the following example. 

Example 5.33. Let V^ be the moonshine VOA. Then, V^ is a framed VOA of rank 24 
namely it is an extension of L( 1/2, 0)® 48 , [84] . In fact , V^ contains the corresponding 
copy of L(l/2,0)® 48 as a unitary subalgebra. Now, let W C V^ be the unitary 
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subalgebra of isomorphic to £(1/2, 0) corresponding to the embedding £(1/2, 0) <g) 
D® 47 C £(1/2, 0)® 48 C lA Then W c is a simple unitary framed VOA of rank 47/2, 
namely, the even shorter Moonshine vertex operator algebra V constructed by 
Hohn, see [5U Sect. 1]. It has been proved by Hohn that the atomorphism group 
Aut(I/Ej 0) ) of V £>j^ is the Baby Monster group B, the second largest sporadic simple 
finite group, see [54) Thm.l]. 

6 Energy bounds and strongly local vertex opera¬ 
tor algebras 

Let ( V ., (•!■)) be a unitary VOA. We say that a E V (or equivalently the corresponding 
field Y(a,z)) satisfies (polynomial) energy bounds if there exist positive integers 
s, k and a constant M > 0 such that, for all n e Z and all b 6 V 

\\a n b\\ < M(\n\ + ir||(£ 0 + l v ) k b\\. (100) 

If every a G V satisfies energy bounds we say that V is energy-bounded. Note 
that if V is energy-bounded then, obviously, every unitary subalgebra W C V is 
energy-bounded. 

The following proposition will be useful. 

Proposition 6.1. If V is generated by a family of homogeneous elements satisfying 
energy bounds then V is energy-bounded. 

Proof. A linear combination of elements satisfying energy bounds also satisfies energy 
bounds. Moreover, if a £ V(d)i then ( Ta) n = —(n + d)a n and hence if a satisfies energy 
bounds, then so does Ta. However, starting from a generating set, any element of 
V can be obtained by a repeated use of: derivatives (multiplication by T — £_i), 
(n)-products with n > 0, (n)-product with n — — 1 (which correspond to normally 
ordered product of vertex operators [59) Sect.3.1]), and linear combinations. This 
follows from Eqs. (156|) and (j5?|) . see also [59) Sect.3.1 and Prop.4.4], 

Derivatives or (n)-products of homogeneous elements are homogeneous, and tak¬ 
ing linear combinations “commutes” with taking derivatives and with forming ( n )- 
products. Thus it is enough to show, that if a and b are homogeneous elements 
satisfying energy bounds, then a^b satisfies energy bounds for all n > 0 and for 
n = —1. 

So suppose that a, b e V are homogeneous elements of conformal weight d a and 
db, respectively, and that there exist some positive M x , s x and r x (where x = a, b) 
such that for all c G V and m G Z, we have 

\\x m c\\ < M x (l + \m\) Sx \\(l v + L 0 ) rx c\\ (x — a, b). (101) 

As [L 0 ,y m ] = - my m , we have that (ly + L 0 ) rx y m = y m ((1 - m)l v + L 0 ) rx and so 
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from the assumed energy bounds it follows that for every c E V 


\\x mi y m2 c\\ < M x (l + \mi\) Sx \\(l v + Lo) rx y m2 c\\ 

= M x (l + \m 1 \) Sx \\y m2 ((l-m 2 )lv + L 0 ) rx c\\ 

< M x Al y (l + \mi\) Sx (l J r\m 2 \) Sy \\(lv + L 0 ) ry ((l — m 2 )lv + -^o)^ C H 

< M x M y (l + \mi\) Sx (l + \rri 2 \) 1+Sy \\(lv + L 0 ) rx+rv c\\. (102) 

To have a bound for ( a mi b) m2 rather than for a mi 6 m2 , we use the special case of the 
Borcherds identity obtained by substituting m = 0 into (158[) : 


( a (n)b)(k ) = Ei- 1 )' (") (“<»-« w> - (io3) 

3 = 0 


When n > 0, there are at most n + 1 possibly non-zero terms in the sum appearing 

on the right-hand side, since if j > n > 0 then = 0. So using (1102j) . it is 

straightforward to show that in this case apqfe satisfies energy bounds. 

If n = —1, then in general : ab\ m = (a(_i)6) m cannot be reduced to a finite sum. 
As : ab: is of conformal weight d a + <4, by (I103p we have 


.a,b. m — 'y ^ T 'y ^ b. 

j>da j<d c 2 


m+jd-j 


(104) 


Nevertheless, to estimate || :ab: m c|| for a c G V(fc), we only have to deal with a finite 
sum, since a-jC = 0 for j < k and b m+ jC = 0 for j > k — m. This, together with (1102b 
gives a /c-depending bound for || :ab: m c||. But as kc = L 0 c , the /c-dependence can be 
easily “integrated” into the degree of (ly + L 0 ). 

Finally, if c is not homogeneous, then it is a sum c = c ^ °f homogeneous 
elements. Correspondingly, we may try to “sum up” our already obtained inequality 
for the homogeneous vectors appearing in the sum. 

Of course, in general the norm inequalities ||ufc|| < ||tCfc|| ( k = 0,1,...) do not imply 
that || II — II II- They do however, if one has some extra conditions; for 

example that both {vk : k = 0,1,...} and {wk : k = 0,1,...} are sets of pairwise 
orthogonal vectors. 

This is exactly our case, since by the corresponding eigenvalues of L 0 , one has that 
both {\ab: m c : k — 0, 1 , ...} and {(ly + L 0 ) r c^ : k — 0, 1 , ...} are sets of pairwise 
orthogonal vectors. Hence the obtained bound is applicable to every c G V. □ 

Corollary 6.2. If V a and V 13 are energy-bounded VOAs then V a £5 V 13 is energy- 
bounded. 


Proposition 6.3. If V is a simple unitary VO A generated by V\ UIF, where C IE 
is a family of quasi-primary 9-invariant Virasoro vectors, then V is energy-bounded. 
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Proof. From the commutator formula in Eq. (1591) it follows that V\ is a Lie algebra 
with brackets [a, b] = a 0 b. Again from Eq. (I59|) we have that for a, b £ Vi, m, k £ Z, 

[o m , 6^] [®;^](m+fc) T m( y dQ,\b^S m 


i.e. the operators a*,, a G Vi, k £ Z satisfy affine Lie algebra commutator relations. 
As a consequence the vectors a G V\ U & satisfy the energy bounds in Eq. (llOOj) with 
k = 1 (linear energy bounds), see e.g. [21 Sect.2], and the conclusion follows from 
Prop. EH □ 

The first step in the construction of a conformal net associated with the unitary 
VOA (V, (•(•)) is the definition of the complex Hilbert space "K = iK(y,(.|.)) as the 
completion of V with respect to (-|-). For every a £ V and n £ Z we can consider 
a( n ) has an operator on IK with dense domain V C CK. Due to the invariance of the 
scalar product a^ n ) has densely defined adjoint and hence it is closable. Now let V be 
energy-bounded and let f[z ) be a smooth function on S 1 = {z G C : \z\ = 1} with 
Fourier coefficients 


J ’ 2tt J s i JKJ 2t viz 

For every a £ V we define the operator Yq((i, f ) with domain V by 

Y 0 (a, f)b = ^ f n a n b for b £ V. 

nGZ 


(105) 


(106) 


The sum converges in ‘K due to the energy bounds and hence Fo(a, /) is a densely 
defined operator on J-C . From the invariance of the scalar product it follows that 
Yo(a, f) has densely defined adjoint and hence it is closable. We denote Y(a,f) the 
closure of Y 0 (a, /) and call it smeared vertex operator. Note also that if the vector 
a satisfies the energy bounds 


\\a n b\\ < M(\n\ + 1) S \\(L 0 + l v ) k b\\, b £ V, (107) 

then the operator Y (a, /) satisfies 

nn<>, m < m||/ii»h(l„+ i„) i 6ii, b e i/ (los) 

where 

ll/ll. = £(M + i)*lAl (ms) 

nGZ 

In particular the domain 3^ k of (L 0 + ljc) k is contained in the domain of Y(a, f) and 
every core for the first operator is a core for the second. It follows that 

JC°° = p| !K fc (110) 

fcez> o 
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is a common core for the operators Y(a,f), f G C°°(S 1 ), a G V. Moreover, the 
map / i— y Y(a,f)b, b G TC°° is continuous and linear from C 00 (S' 1 ) to "K namely 
f Y(a, f ) is an operator valued distribution. Moreover, using the straightforward 
equality 

e itL °Y(a, f)e~ itL ° = Y(a, f t ), t G M, (111) 

where f t is defined by f t (z) = f(e~ lt z), and the energy bounds it is rather easy to 
show that, if b G TC°° then Y (a, f )b G TC 1 and 

L 0 Y(a, f)b = —iY (a, f')b + iY(a, f)L 0 b , 

where = ^/(e* 19 ). It follows that Y(a,f)b G H£°° so that the common core 

J~C°° is invariant for all the smeared vertex operators. 

If a G V is homogeneous we can use the formal notation 


2n iz 

Note that if a G V is homogeneous and L\a = 0 we have the usual relation for the 
quasi-primary field Y(a,z): 


Y(a,f) = l Y{a,z)f(z)z 
Js 1 


(-l) d “Y(OaJ)cY(aJ)*. (113) 

If a G V is arbitrary Y(a, /)* still contains IK 00 in its domain as a consequence of 
Eq. (JS]). 

Now we can associate with every interval / G J a von Neumann algebra >A(v,(•!■)) (-!”) 
by 

M (y ,(.,.))(/) = W*{{Y{a , f):aeV,fe C °°(5 1 ), supp/ C /}). (114) 

The map / >A(v,(.|.))(-I') is obviously inclusion preserving. Moreover, it is not hard 

to show that 11 is cyclic for the von Neumann algebra 

= V Av,(-|-))(-0- (I 15 ) 

i& 

We now discuss covariance. The crucial fact here is that the unitary representation 
of the Virasoro algebra on V associated with the conformal vector v £ V gives rise to 
a strongly continuous unitary projective positive-energy representation of the covering 

group DifT + (S a ) of Diff + (S' 1 ) on TC by [4Eb2E] which factors through Diff + (S’ 1 ) because 
e i 2 irL 0 — see Subsect. 13.21 

Hence there is a strongly continuous projective unitary representation U of Diff + (S' 1 ) 
on TC such that, for all / G C'°°(S' 1 ,M) and all A G -B(Tt), 

U (Exp(t/ -^-))AU (Exp(f/= e itY ^Ae~ iY ^\ (116) 

d v ait 

Moreover, for all 7 G Diff + (S' 1 ) we have U( r y)‘K°° = ‘K°°. 
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( 117 ) 


For any 7 G Diff + (S' 1 ) consider the function X 1 : Si —* M defined by 

X,(e") = -iAi og ( 7 ( e »)). 

Since 7 is a diffeomorphism of S 1 preserving the orientation then X 1 (z) > 0 for 
all z G S 1 . Moreover, X 1 G C'°°(S' 1 ). Another straightforward consequence of the 
definition is that 

^7172O) =^71(72 (z))X 12 (z). (118) 

It follows that, for any d G Z >0 the family of continuous linear operators (3d( 7), 

7 G Diff + (S' 1 ) on the Frechet space C°°(S 1 ) defined by 

(Ai(7)/)0) = (^ 7 (7' 1 W))^ 1 /(7 _1 (-)) (119) 

gives a strongly continuous representation of Diff + (S' 1 ) leaving the real subspace of 
real functions invariant. 

Proposition 6.4. IfV is a simple energy-bounded unitary VO A and a E V is a quasi¬ 
primary vector then U( i y)Y(a, /)C/(7)* = Y(a, Pd a {l)f) f or 7 7 Mob. If a G V is 
a primary vector then U('y)Y(a,f)U('y)* = Y (a, ^d a {l) f) f or 7 £ Diff + (S' 1 ). 

Proof. Let F(1/, 2) = Enez L n z n 2 be the Virasoro field associated to the conformal 
vector v. The case in which a is quasi-primary follows by a straightforward adaptation 
of the argument in pages 1100-1001 of [2T| and recalling the commutation relations 
between a n and L m , n G Z, m = —1, 0,1 given in Eq. ([T2]h 

The case in which a is primary can be treated in a similar but taking into account 
the commutation relations a n and L m , n,m G Z given again in Eq. (I72|) . Note that for 
expository reasons in the proof in ED complete argument is given only for 7 G Mob 
but the proof can be adapted to cover the case 7 G Diff + (S' 1 ) by noticing that as a 
consequence of the results in [98] we have e^^A)^ 00 (7 f or a ]i f ^ C' 00 (5' 1 ,R) 
and that Diff + (S' 1 ) is generated by exponentials of vector fields because it is a simple 
group [83] . □ 

We now discuss locality. It follows from Prop. IA.1I in Appendix [A] that for any 
a,b G V the fields Y (a, z) and Y ( b , z) are mutually local in the Wightman sense, i.e. 
for any /, / G C 0O (S' 1 ) with supp/ C /, supp/ C /', / G J we have 

\Y(aJ),Y(bJ)}c = 0 (120) 

for all c G IK 00 . As discussed in the Introduction and in Subsect. 17721 this is a priori 
not enough to ensure the the locality condition for the map / hg A(y,(- 1-))(-0- 

Lemma 6.5. Let A be a bounded operator on IK, a G V, and I G J . Then AY (a, f) C 
Y(a, f)A for all f G C°°(S 1 ) with supp / C / if and only if (A*b\Y (a, f)c) = (Y(a, f)*b\Ac) 
for all b,c EV, and all real f G C 00 ^ 1 ) with supp / C I. 
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Proof. The only if part is obvious. The proof of if part is based on a rather 
straightforward adaptation of the proof of (33j Lemma 5.4], Let us assume that 
(A*b\Y(a, f)c) = (Y(a, f)*b\Ac) for all 6, c G P, and all real valued / G C°°(S 1 ) with 
supp/ C I. Then the same relation holds also for all complex valued / G C'°°(5' 1 ) 
with supp/ C /. Now let / be a given function in C°°(S 1 ) with supp/ C I. Then 
there is a S > 0 such that the support of the function f t (z) = f{e~ lt z) is again 
contained in the open interval / for all real numbers t such that \t\ < 5. From the 
relation e ltL °Y(a, f)e~ ltL ° = Y(a,f t ) for all t G M and the fact that e ltL °V = V for 
all t G R. it then follows that, for all b,c EV and every smooth function ip on R. with 
support in the open interval (— 5, 5), (A{ip)*b\Y(a, f)c) = (Y(a, f)*b\A(<p)c), where 
A (<P) = f R e ttL °Ae ttL °ip(t)dt. Now, a standard argument shows that A(<p)c G TC°° for 
every c G V and from the fact that TC°° is contained in the domain of Y (a, /) we can 
conclude that A(<p)Y(a,f)c = Y(a, f)A(<p)c for every smooth function on R with 
support in (—5, d) and every c G V. 

For any real number s G (0, S) we fix a smooth positive function <p s on R with 
support in (— s, s) and such that J K <^ s (t)dt = 1. For every c G V we then have 
A(<p s )Y'(a, f)c = Y (a, f)A(<p s )c. Now, a standard argument shows that if s tends to 0 
A(<p s ) tends to A in the strong operator topology. Accordingly lim^o Y (a, f)A(<p s )c = 
AY (a, f)c and lim >s ^ 0 A(tp s )c = Ac for every c G V. Since Y (a, /) is closed it follows 
that Ac is in domain of Y (a, /) and Y (a, f)Ac = AY (a, f)c for every c G V and since 
V is a core for the closed operator Y (a, /) it follows that AY (a, /) C Y (a, f)A. □ 

The following proposition shows that the algebras -A(v,(-|-))(-0 are generated by 
quasi-primary fields. 

Proposition 6.6. Let A be a bounded operator on J~C and let I G U. Then A G 
A(y,(.|.))(/y if and only if (A*b\Y(a, f)c) = (Y(a, f)*b\Ac) for all quasi-primary a G V, 
all b, c G V and all real f G C°°(S 1 ) with supp/ C I. In particular 

A ( y,(.,.))(/) = W*({Y{a,f) : a G (J V k , L x a = 0, / G C°°(S\R), supp/ C /}). 

fcez 

( 121 ) 

Proof. Given / G 3 we denote by Q(/) the set of bounded operators A such that 

(A*b\Y(a,f)c) = (Y(a,f)*b\Ac) 

for all quasi-primary a G V, all b,c G V and all / G C'|°(S' 1 ) with supp/ C I. 
Then the same equalities hold also for all complex valued functions / G C'^°(S' 1 ) 
with supp/ C /. It is evident that ))(/)' C Q(/) and hence we have to show 

that Q (/) C A(y ,(,|.)) (/)'. Now, if A G Q (/), a G V is quasi primary, 6 , c G V and 
/ G C°°(S 1 ) has support in / we have, for all quasi-primary a G P, all 6 , c G V and 
all / G C^iS 1 ) with supp/ C I. 


(Ab\Y(a,f)c) = (-l) d “(Ab\Y(0 a J)* C ) = (^l) d °(Y(6 a J)*c\Ab) 
= (— l) da (A*c\Y(6aJ)b ) = (- l) d “(A*c\Y(6aJ)b ) 
= (-1 ) d “(F(da, f)b\A*c) = (Y(a, f)*b\A*c). 
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It follows that A* G Q(/). 

Now let a G Y be homogeneous. An elementary calculation shows that (L_id) n = 
— (n + d a )a n and hence that Y(L_ia,f) = Y(a,if' — d a f ) for every smooth func¬ 
tion on S 1 , where = Jj/(e i1? ). It follows that, for a non-negative integer k, 

Y ((L„i) fc a, /) = Y(a, f( k ,a )), where /( fc , a ) is a linear combination of /, /', /",..., / (fc) . 
If supp/ C / also supp/(fe >a ) C / and hence if a is quasi-primary we have 

(A*&| Y ((L_ 1 ) fc a, /)c) = (A*fc|Y(a, / {M) )c) = (Y(a, / (M )*&|Ac) 

= (y((L_ 1 )*a,/)*6|Ac). 

Since the Lie algebra representation determined by L_i, L 0 , L 1 is completely reducible, 
V is spanned by elements of the form (L_i) fc a with k a non-negative integer and a 
quasi-primary. Hence, for all a,b,c G Y we have (A*6| Y(a,/)c) = (Y(a,/)*&, Ac). It 
follows from Lemma [6751 that AY (a, f ) C Y(a, f)A for all a G V and all / G C'°°(S' 1 ) 
with supp/ C I. Since also A* G Q(/) we also have A*Y(a, /) C Y(a, /)A* and hence 
AY (a, /)* C Y (a, /)*A for all a G Y and all / G C'°°(S' 1 ) with supp/ C I. It follows 
that A G A(i/ i (.|.))(/) / □ 

From the covariance properties of quasi-primary fields it follows that the net is 
Mobius covariant. 

Definition 6.7. We say that a unitary VOA (V, (-| )) is strongly local if it is energy- 
bounded and A(y;(.|.))(/) C for all / G J. 

Theorem 6.8. Let (Y, (■(•)) be a simple strongly local unitary VOA. Then the map 
1 1 —^ ■A(y i (.|.))(/) defines an irreducible conformal net A(y ,(.|.)) on S 1 . //{-|-} is another 
normalized invariant scalar product on V then (Y, {-1-}) is again strongly local and 
A(yt .|.)) and *^L(v,{-|-}) are isomorphic conformal nets. 

Proof. We only discuss covariance. The Mobius covariance of the net follows from 
Prop. 16.41 and Prop. 16.61 Then conformal (i.e. diffeomorphism) covariance follows 
from [T8l Prop.3.7]. 

□ 

Due to the above theorem, when no confusion arises, we shall denote the conformal 
net A(v,(.|.)) simply by Ay. We shall say that Ay is the irreducible conformal net 
associated with the strongly local unitary simple vertex operator algebra Y. 

Using the strategy in [66, Sect.5] we can now prove the following theorem. 

Theorem 6.9. Let V be a strongly local simple unitary VOA and let Ay be the 
corresponding irreducible conformal net. Then Aut/A^) = Aut(.|.)(Y). If Aut(Y) is 
finite then Aut(Ay) = Aut(Y). 

Proof. Let “K be the Hilbert space completion of Y. Then any g G Aut(.|.)(Y) uniquely 
extends to a unitary operator on tK again denoted by g. We have gVt = f 2. Moreover, 
since gY(a, f)g~ 1 = Y(ga,f) for all a G Y and all / G U 00 (S' 1 ) we also have that 
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gA(I)g~ 1 = A(I) and hence g E Aut(.Ay). Conversely let g E Aut(Ay). Then 
gL n g ” 1 = L n for n = —1,0,1. It follows that g restricts to a linear invertible map 
V —> V preserving the invariant scalar product (•]•). For any a EV the formal series 
gY(a, z)g~ l is a field on V and, since A is local then, by Prop. 12.11 and Prop. IA.11 
gY(a, z)g~ 1 is mutually local (in the vertex algebra sense) with all Y(b,z), b G V. 
Moreover, gY(a, z)g~ 1 Q = gY(a, z)f2 = ge zL ~ 1 a = e zL ~ 1 ga, where for the last equality 
we used [59], Remark 1.3]. Hence, by the uniqueness theorem for vertex algebras [591 
Thm.4.4] we find that gY (a, z)g~ 1 = Y ( ga , z) and hence g is a (linear) vertex algebra 
automorphism of V. Since g commutes with L 0 we have gV n = V n for all n G Z and 
hence gu — u by Corollary 14. Ill so that g G Aut(.|.)(V). Now, if Aut(V) is finite then 
Aut(V) = Aut(.|.)(V) by Thm. 15.211 and hence Aut(Av) = Aut(V). 

□ 

We end this section with a new proof of the uniqueness result for diffeomorphism 
symmetry for irreducible conformal nets given in [101 . Thm.6.1.9]. The theorem was 
first proved in [20] using the additional assumption of 4-regularity. 

Theorem 6.10. Let A be an irreducible Mobius covariant net on S 1 and let U be 
the corresponding unitary representation of Mob. If U a and Up are two strongly- 
continuous projective unitary representations o/Diff + (S' 1 ) extending U and making 
into A an irreducible conformal net. Then U a = Up. 

Proof. Let FC be the vacuum Hilbert space of A and let CH7 m be the algebraic direct 
sum of the eigenspaces Ker(Lo — nljf), n G Z>o- Then, by Thm. 13.41 then one can 
differentiate the representations U a and Up in order to define two unitary represen¬ 
tations of the Virasoro algebra on dfA n by operators L“, n G Z and L&, n G Z, see 
also [18;, 201 [72]. By assumption we have L°j = for n = —1, 0,1. The formal series 
L a (z ) = Yjtigz ^n z ~ n ~ 2 and L /3 (z) = L^z~ n ~ 2 are fields on that are local 

and mutually local in the Wightman sense as a consequence of the locality of A and 
of Prop. 12.11 Hence they are local and mutually local (in the vertex algebra sense) by 
Prop. IA.11 Let V be the cyclic subspace generated from the action of the operators 
n G Z on the vacuum vector fl. By the existence theorem for vertex alge¬ 
bras, cf. [591 Thm.4.5], V is a Vertex algebra of CFT type and it has two conformal 
vectors, u a = L°_ 2 Pt and = L^_ 2 fl. It satisfies Vo = CO and L\V\ = 0. Hence by 
[92, Thm.l] there exists a unique normalized invariant bilinear form (•, •) on V and 
this form satisfy (O, a) = (0|a) for all a EV. By the invariance property of (•, •) and 
the unitarity of the Virasoro algebra representations it follows that for any b E V we 
have (a, b) = 0 for all a E V if and only if (a|6) = 0 for all a E V i.e. if and only if 

6 = 0. Therefore, (■, •) is non-degenerate. Accordingly, by Prop. 14.81 and Remark 14.91 

we have that u a = u 13 and hence U a — U 13 . □ 

7 Covariant subnets and unitary subalgebras 

Let W C V be a unitary subalgebra of the simple unitary vertex operator algebra V. 
Then, by Prop. 15.291 W is simple unitary vertex operator algebra. 
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Theorem 7.1. Let W be a unitary subalgebra of a strongly local simple unitary VO A 
(V, (•!•)). Then the simple unitary VOA (W, (•!•)) is strongly local and A w embeds 
canonically as a covariant subnet of Ay. 

Proof. Let A be the Hilbert space completion of V and let ew be the orthogonal 
projection of A onto the closure Aw of W. Then we have 

W = e w V = A w n V 

The vertex operator Y(a,z), a G W of W coincides with the restriction to W of 
Y (a, z) and therefore it is obvious that W satisfies energy bounds. Moreover, for 
bev, f e C^iS 1 ) we have 

Y (a, f)e w b G Aw, Y(a, f)*ewb G Aw- 

Hence for a G W, b,c G V we have 

(b\e w Y(a,f)c) = (Y(a, f)*e w b\c) = (Y(a, f)*e w b\e w c) 

= ( e w b\Y (a, f)e w c) = (b\Y(a, f)e w c ) 

and being V a core for Y(a, f) it follows that Y(a, f) commutes (strongly) with ew- 
Now, define a covariant subnet T>w C Ay by 

23yy(J) = Ay {I) D {ew}' / G J. 

It follows from the previous discussion that Y(a, f) is affiliated with T>w(I) if a G W 
and supp/ C I. As a consequence A% w = A w and hence the subnet net T> w is 
irreducible when restricted to Aw- In particular, for all / G J we have 

fBwWeJ = 2>w(l')e w - 

Note also that, since for a G W, Y(a,f) commutes with ew and Y(a,f)b = 
Y (a, f)b for all b G W, then 

V(Y(a, /)) = e w T)(Y(a, /)) = D(Y(a, /)) n A w . 

Hence, if supp/ C /, Y(a,f) is affiliated with (T!>w(I')e w )' = 23 w{I)e w - It follows 
that the von Neumann algebras Aw (I), / G J on Aw dehned by 

A W (I) = W*({Y(a,f) : a G IH,supp/ C /}) 

satisfy Aw{I) C 23 w (I) ew f° r all / G J proving that (W, (•!•) is strongly local. Finally 
from Thm. 16.81 and Haag duality for conformal nets we find Aw (I) = T>w(I)e w for 

all / G 2. □ 

We now want to prove a converse of Thm. 17.11 We begin with the following 
lemma. 
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Lemma 7.2. Let A be a self-adjoint operator on a Hilbert space J-C and let U(t ) = e ltA , 
t G M be the corresponding strongly-continuous one-parameter group of unitary opera¬ 
tors on TC. For any k G Z> 0 let t K k denote the domain of Af and let TC 00 = rh e z >0 Tf fc . 
Assume that there exists a real number 5 > 0 and two dense linear subspaces and 
T> of d£°° such that U(t)T>$ C T> if |t| < 5. Then, for every positive integer k, T> is a 
core for A k . 

Proof. Let k any positive integer and let B denote the restriction of A k to D. We 
have to show that ( A k )* = B* and since ( A k )* C B* it is enough to prove that 
B* c ( A k )* = A k . 

Let T)(B*) denote the domain of B* and let b G D(B*). Then, by assumption we 
have 

(U(t)A k a\b) = (A k U(t)a\b ) = (U(t)a\B*b), 

for all a E T>s and all t G (—5,6). Now let p : R —> R be a smooth non-negative 
function whose support is a subset of the interval (—5,5). We can assume that 


r»+oo 


Lp(x)Ax 


1 . 


For any positive integer n let tp n : R —» R be dehned by Lp n (x) = mp(nx), x G R so 
that supp<^ n C (—5, 5) and 


Fn(p) 



ip n (x)e ipx dx = (p(~), 
n 


for all p G M. From equality (U(t)A k a\b) = (U(t)a\B*b), t G R and the spectral 
theorem from self-adjoint operators it follows that 

(A k ^ n (A)a\b) = (tpf(A)a\B*b), 

for all n G Z>o and all a G T>s and since A k 5pf(A), and f>f(A) belong to BfK) for for 
every positive integer n we also have that 

(A k ^ n (A)a\b) = (p r ;(A)a\B*b ), 


for all n G Z >0 and all a G TC. Now, it follows from the spectral theorem for self- 
adjoint operators that Lpj,(A)a —» a and A k 5pj l (A)a —> A k a for n —> +cxo, for all 
a G TC fc . Hence (A k a\b) = (a\B*b), for all n G Z >0 and all a G so that b G TC fc and 
A k b = B*b. Thus, since b G T>(B*) was arbitrary we can conclude that B* C A k . □ 

We will need the following proposition, cf. the appendix of [T6] and [ 1011 . Thm.2.1.3] 

Proposition 7.3. Let A be an irreducible Mobius covariant net on S 1 ant let J~C be 
its vacuum Hilbert space. Then .A(/)f2 D df°° is a core for (L 0 + 1 jf) fc for all I G J and 
all k G Z> 0 . 
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Proof. We first show that A(I)Vl fl dC°° is dense in df for all / G J. The argument is 
rather standard. For any I G J, let I\ E J be such that I\ C I. Then there is a real 
number <5 > 0 such that e lt Ii C / for all t E (—<5, 5). Now now let (p n , n E Z >0 , as 
in the proof of Lemma 17.21 Then, for any A G A(Ii) we consider the operators A Vn , 
n G Z >0 dehned by 

/ +oo 

(p n (t)(a\e ltL °Ae~ ltL °a)dt, a,b G df. 

-oo 

Then A Vn E A(I) for all n G Z >0 . Moreover, 

A v , n Vl — (p n (Lo)AQ G dC°°, n G Z>o- 

Since </4(Lo)HQ —y AVt for n — y +oo and A G A{If) was arbitrary we can conclude 
that the closure of A(I)Vl fl df 00 contains dl(/i)f2 and hence it coincides with df by the 
Reeh-Schlieder property. Hence, since / was arbitrary we have shown that ^.(/jflndf 00 
is dense in d£ for all I E J. 

Now, let Ji and / and 5 as above. We know that A(Ii) fl df°° is dense in d£. 
Moreover, 

e it(L 0 +i K ) (y l (/ 1 )y2 n dC°°) = A(e u h)Vl D dC°° 

C A{I)Q ndC°°, 

for all f G (—5,5). Hence, the conclusion follows from Lemma 17.2[ □ 

Theorem 7.4. Let (V, (■!•)) be a simple strongly local unitary VO A and let 2> a Mobius 
covariant subnet of Ay- Then W = df^ fl V is a unitary subalgebra of V such that 
and Aw = 2>. 

Proof. Since df® is globally invariant for the unitary representation of the Mobius 
group on d£ we have Vi E W and L n W C W for n = —1,0,1. In particular W is 
compatible with the grading of V i.e it is spanned by the subspaces W fl 14, n € Z> 0 . 
Now let a E W and assume that, for a given positive integer n, a(_ n )fi G W. Then 

0(_ n _i)f2 [-2—1, L_\Ci(_ n \Vl E W. 

n n 

Since = a G W it follows that a,( n )Tl G W for all n E Z and all a G W. Hence 

Y(a,f)Tl G df® for every smooth function / on S 1 and every a G W. Now let e® 
be the projection of J~Cy onto df®, a E W, f E C°°(S 1 ) and, for I E 3 let 6p be the 
unique vacuum preserving normal conditional expectation of Ay (I') onto 25 (l 7 ), see 
e.g. [75, Lemma 13]. If supp / C / and A G Ay (I 1 ) we find 

Y(a, /)e s HH = Y(a, f)e r (A)Vl = e r (A)Y(a, f)Vl 
= e$AY(a, f)Q = e%Y(a, f)AVt. 

Since Ay{P)Vl is a core for Y(a,f) by Prop. 17.31 it follows that Y(a,f ) commutes 
with e%. Hence, Y(a,f) and Y(a, /)* are affiliated with .A(L) fl e®' = 25(1). Now if 
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/ is an arbitrary smooth function on S 1 it is now easy to see that Y(a,f) and e® 
again commute if a G bb. As a consequence we find that a n b G bb for all a,b G bb 
and all nGZ and hence bb is a vertex subalgebra. Moreover, using the fact that also 
Y(a, /)* and e® commute for every smooth function / on S 1 and all a G bb, we have 
a* n b G bb for all a,5 G bb and all n G Z. Hence, since we also have L 0 bb C bb, bb is a 
unitary subalgebra of V. Finally that 23(7) = d^(/) follows easily. □ 

As a direct consequence of Thm. 17. H and Thm. 17.41 we get the following theorem. 

Theorem 7.5. Let V be a strongly local simple unitary vertex operator algebra. Then 
the map bb H > Aw gives a one-to-one correspondence between the unitary subalgebras 
W C V and the Mobius covariant subnets ¥> C Ay. 

Proposition 7.6. Let V be a simple unitary strongly local VO A and let G be a closed 
subgroup of Aut(.|.)(P) = Aut (.Ay)- Then Ay = A v g. 

Proof. For any g G G we have gY (a, f)g~ 1 = Y (a, /) for all a G V G and all / G 
C'°°(S' 1 ). Hence g G A v g(I)' for all / G J so that A v c C Ay. Conversely, by Thm. 
17.41 there is a unitary subalgebra bb C V such that Ay = Aw- Clearly bb C V G and 
hence A G C A v g. □ 

We now can prove the following Galois correspondence for compact automorphism 
groups of strongly local vertex operator algebras (“Quantum Galois theory”), cf. [291 

m\- 


Theorem 7.7. Let V be a simple unitary strongly local VO A and let G be a closed 
subgroup of Aut(.|.)(b). Then the map H (->■ V H gives a one-to-one correspondence 
between the closed subgroups H C G and the unitary subalgebras bb C V containing 
V G . 

Proof. Let bb be a unitary subalgebra of V such that bb D V G . Fix an interval Iq G J. 
By Thm. 17.11 and Prop. 17.61 we have 

Ay(L 0 ) G C Aw(Iq) c Ay(Io). 

Moreover, by H3 Prop.2.1], the subfactor Ay(Io) G C Ay{Lf) is irreducible, i.e. 
(bly(/o) G ) / D Ay(Io) = Cl. Since Aut(.|.)(b) and G C Aut(.|.)(b) is closed then, 
G is compact. Hence, by [55, Thm.3.15] there is unique closed subgroup H C G such 
that Aw(Io) = Ay(1(f) H . Hence, by conformal covariance Aw(I ) = Ay(I) for all 
/ G 3 and hence, again by Prop. 17.61 Aw(I) = A v h(1 ) and thus bb = V H . □ 

The following proposition shows that in the strongly local case the coset construc¬ 
tion for VOAs corresponds exactly to the coset construction for conformal nets. 

Proposition 7.8. Let V be a strongly local unitary simple VOA and let W C V be a 
unitary subalgebra. Then A c w = Aw c - 
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Proof. Let Uw be the projective unitary representation of Diff + (S' 1 ) on “K obtained 
from the representation of the Virasoro algebra on V given by the operators Lff , nfZ 

dehned in Prop. 15.311 For an element 7 G Diff + (S <1 ) we denote by 7 G Diff + (S' 1 ) its 

image under the covering map Diff + (S' 1 ) —)■ Diff + (S' 1 ). Then for any 7 G Diff + (S' 1 ) 
and any / G J we have Uw('y)AUw{ ; f)* = U(^)AU(^)* for all A G Aw{I) and 
Uwi^AUwi'f)* = A for all A G It follows that A G Aw c {I) commute with 

Aw(Ii) for every /1 G J and thus Aw c {I) C A\y(I) so that Aw ■= C A^. On the other 
hand, by Thm. 17.41 there is a unitary subalgebra W C V such that A^ = A l y. Let 
a G W. Then Y(a, f ) is affiliated with Aw^S 1 )' for all / G J and all / G C°°(S 1 ) with 
supp/ C I. It follows that Y(a , /) is affiliated with Aw^S 1 )' for all / G C°°(S 1 ). As 
a consequence [Y(a, z),Y(b,w)] = 0 for all b G W and hence a G W c . Since a G W 
was arbitrary we can conclude that W C W c and hence that A ^ C Aw*■ 

□ 

We conclude this section with a result on finiteness of intermediate subalgebras 
for inclusions of strongly local vertex operator algebras, cf. [61, T~05j . 

Theorem 7.9. Let V be a simple unitary strongly local vertex operator algebra and 
let W C V be a unitary subalgebra. Assume that [Ay '■ Aw] < +00. Then the set of 
unitary subalgebras W C V such that W C W is finite. 

Proof. The claim follows directly from Thm. 17.51 and the fact that that, since the 
index [Ay : Aw] is finite, the set of intermediate covariant subnets for the inclusion 
Aw C Ay is also finite, see Subsect. 13.41 □ 

8 Criteria for strong locality and examples 

In this section we consider some useful criteria which imply strong locality. We then 
apply them in order to give various examples of strongly local vertex operator algebras. 

Let V be a simple unitary VOA satisfying energy bounds. If & is a subset of V 
and / G J we define a von Neumann subalgebra A^{I) of Ay (I) 

A^I) = W*({Y(a , f):ae&, supp / C /}). (122) 

The following theorem is inspired by [33j Thm.6.1]. 

Theorem 8.1. Let LF C V be a subset of the simple unitary energy-bounded VOA 
V. Assume that LF contains only quasi-primary elements. Assume moreover that LF 
generates V and that, for a given I G J, A^(I') C A^(I)'. Then, V is strongly local 
and Ajr(I) = Ay{I) for all L G J. 

Proof. As a consequence of Lemma 16.51 we have A^{I) = A^ue^{I), for all / G J. 
Accordingly we can assume that & = 9&. We first observe that the map / 1 —y A 3 ? (I) 
is obviously isotonous and since every element of & is quasi-primary it is also Mobius 
covariant as a consequence of Prop. 16.41 Hence A,^(I') C A^(I)' for all / G J. 
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Now, let 7<? be the algebra generated by the operators Y(a, f ) with a E J^", and 
/ G C'°°(5' 1 ). Moreover, for / G J, let 7&(I) be the subalgebra of 7# corresponding 
to functions / G C 00 (S' 1 ) with supp/ C I. Both algebras have IK 00 as invariant 
domain and are *-algebras because & is 9 invariant. Moreover, since & is generating 

V C 7jgrft and hence the latter subspace is dense in 7C. With a slight modification 
of the argument in [381 page 544] it can be shown that, for every / G J, 7jr(I)Q is 
invariant for the action of the Mobius group and hence it is independent from the 
choice of / and we denote it by TCjf. Then, it can be shown that TCjr D 7C 00 is left 
invariant by the algebras 7^(1) for all / G J. As a consequence 7jrQ C 34jr and 
hence 7j r(/)f2 is dense in 7C for all I G J (Reeh-Schlieder property for fields). Now, 
let / G C'°°(S' 1 ) have support in a given / G J and a G 7F. Since Y (a, /) is affiliated 
with As?(I) there is a sequence A n G A&(I) such that lim^oo A n b = Y(a, f)b for all 
b G TC°°. It follows that A&{I)Q, fl 7C°° is left invariant by the action of 7 3 ?(/) and 
hence 7 jr(/)f2 C A&(I)Q which implies that also Mjr(/)f2 is dense in 7C. Accordingly 
the map / hg A&(I) also satisfies the cyclicity of the vacuum conditions and it thus 
define a local irreducible Mobius covariant net on S 1 acting on 7C. 

We have to show that Ay (I) C Ajf(I) for all I G J. By Mobius covariance it 
is enough to prove the inclusion when / is the upper semicircle S]_. Let A and J 
be the Tomita’s modular operator and modular conjugation associated with A^(S\) 
and 0 and let S = JA 5 . It follows from |3H1, Prop.1.1] that JAjr(I)J = A#(j(I)) 
and JU{pj)J = U{j o 7 o j ) for every / G J and every Mobius transformation 7 of 
S 1 , where j : S 1 H y S 1 is defined by j(z) = z (|z| = 1). It follows that JL n J = L n 
for n = —1,0,1. In particular JV = V and for every a G V the formal series 
<I> a (z) = Yhn&z J a (n)Jz~ n ~ l is a well defined field on V such that [Li, $ a (z)] = ^<h a (z) 
and < h a (z)fl| 2=0 = Ja so that <I> a (A)r2 = e zT Ja. From the properties of the action of 
J on the net A$ one can show that, for a,b,c G <#", $ a (z), Y(b,z) and Y(c,z ) are 
pairwise mutually local fields (in the vertex algebra sense) as a consequence of the 
locality of A of Prop. 12.11 and Prop. IA.1I Hence, since JF generates V, $ a (z) and 

Y ( 6 , z) are mutually local for every a G & and every b E V as a consequence on 
Dong’s lemma [59] Lemma 3.2], It then easily follows that for all a G & and all 
b G V also Y(a,z ) and ${,( 2 ) are mutually local. Using again Dong’s lemma and 
the fact that & generate V we obtain that <L a (z) and Y(b,z) are mutually local for 
all a, b G V. Hence it follows from the uniqueness theorem for vertex algebras [591 
Thm.4.4] that 7 a (z) = Y(Ja, z) for every a E V and thus that J defines an antilinear 
automorphism of V. 

Now let a E ^ and let / G C°°(S 1 ) with supp/ C S+. Since Y(a,f) is affiliated 
with A^{S\) we have JA^Y(a, f)Cl = Y (a, /)*D. On the other hand since a is quasi¬ 
primary using the Bisognano-Wichmann property for Ay; and Thm. IB.41 in Appendix 
IE] we find 

0AW(a, f)n = 9e^ K Y{a, f)Q = Y(a , f)*Q. 

By the Bisognano-Wichmann property of Mobius covariant nets on S 1 and the fact 
that 9L n 9 = JL n J = L n for n = —1, 0,1 we see that both JA?J and 9A^9 are equal 
to A - 2 . Hence we find that JY(a,f)Q = 9Y(a, f)Q. Since 9 and J commute with 
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Lo we find that JY(a, / f )fi = OY (a, _/))0 for all tel. By partition of unity it follows 
that JY(a, f)Q = 6Y(a,f)Cl for all / G C°°(S 1 ) and hence that Ja = da. Since 
a G & was arbitrary, 6 and J are antilinear automorphisms and & generates V it 
follows that 6 = J. Hence, again by Thm. IB.41 in Appendix [B] we find that, for every 
quasi-primary element aGf and every / G C°°(S 1 ) with supp / C S\., Y (a, /)fi is in 
the domain of S and SY(a, /)Q = Y(a, /)*Q. 

Now, let / be an open interval containing the closure of S]_ and let A G Ajr(I'). 
Then there is a 5 > 0 such that e ltL oAe~ ltL ° G A&(Sl_) for all 1 G K such that \t\ < 5. 
Hence if (p s , s G (0,5) and A(ip s ) are dehned as in the proof of Lemma [6.51 we have 
that A((p s ) G A.jr(S'i) for all s G (0,5). Let Xj, X 2 G OV(S'l) and B G A&{S\). 
Then we have 


(X*A(^)X 2 Q|,SHO) 


{xiA(cp s )x 2 n\B*n) 

(Bx*A(<f s )x 2 n\n) 

(X*A(tp s )X 2 Btt\n) 

(Bn\xzA(<p s yx 1 n) 


As a consequence X*A((p s )X 2 Q, is in the domain of S* and 


s*xiA(p s )x 2 n = x^A^yXi o. 


Using this fact we find that, for every quasi-primary a G V every / G C , °°(S' 1 ) with 
supp/ C & + and all X 1; X 2 G Tj?(S'; l _), 


(XM A(<p s )Y(a,f)X 2 n) 


(X*A(^)*X 1 H|U(a,/)H) 
(S*X* 1 A(i Ps )X 2 n\Y(a,f)n) 
(SY(a,f)n\X*A((p a )X 2 n) 
(Y(a, f)*n\X*A((p s )X 2 n) 
(Y (a, f)*X 1 Q\A((p s )X 2 Q) 
(X 1 0|F(a,/)A(^)X 2 0), 


s G (0,5). Hence, since fPjr(5'i)f2 is dense we find that A(ip s )Y(a, f)XQ 
= Y (a, f)A(ip s )XO, for all X G T^-(S'i) and all s G (0, 5). Now, we have liin s ^ 0 A((p s )c 
= Ac for all c G TC and hence, for every X G CPjr(S'i), AXVt is in the domain of U(a, /) 
and Y(a, f)AXQ = AY (a, f)XQ. Since V is energy-bounded by assumption, there 
exists a positive integer k such that any core for (L 0 + l M ) fc is a core for Y(a,f). 
We want to show that 3V(S'i)f2 is a core for (L 0 + ■ To this end let / G J 

whose closure is contained in S\. Then there exists a real number 5 > 0 such that 
e lt I C S'! for all t G (—5, 5). Hence, by the Mobius covariance of the vertex operators 
we see that U(t)7^{I)Vt C fP i ^(S'i)H for all t G (—5,5) and hence, by Lemma 17721 
fP^(S'i)H is a a core for (L 0 + ljr) fc and consequently a core for Y(a,f). It follows 
that AY (a, f)cY (a, f)A and since the latter relation holds for every A G A^(I') it 
follows that Y (a, /) is affiliated with Age (I) = Age{I')' for all quasi-primary a G V 
and all / G C°°(S 1 ) with supp/ C S]_ . Hence using Prop. 16.61 we can conclude that 
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•Ay (S'].) C Ajs-(I) whenever the interval I E 3 contains the closure of S\. Now, it 
follows easily from Mdbius covariance that 


A*{sD = n 

IDS\ 

Hence we can conclude that .Ay(S'+) C A&(S\). □ 

Corollary 8.2. Let V a and V 13 be strongly local simple unitary VOAs. Then V a ®V^ 
is strongly local and Ay a%v p = Aye, ® A v p. 

Proof. By Corollary 16.21 the simple unitary VOA V a ® V 13 is energy-bounded. Now 
let be the family of all quasi-primary vectors in V a and let AAq be the fam¬ 

ily of all quasi-primary vectors in V 13 . Then, V a ® V 13 is generated by the fam¬ 
ily & of quasi-primary vectors in V a ® V 13 defined by & = {& a ® ) U (hi 0 TPg) 

and Ajr(I) = Ay a (I)®A v p(I) for all / E 3 so that A, ■?{}') = Ay<*{I)®A v p(I') C 
(Ay<*(I)®A v p(I))' . Then the conclusion follows from Thm. 18.11 □ 

The following consequence of Thm. IS.ll is more directly applies to many interesting 
models. 

Theorem 8.3. If V is a simple unitary VOA generated by V\ U &, where TP C Vi is 
a family of quasi-primary 9-invariant Virasoro vectors, then V is strongly local. 

Proof. By Prop. 16.31 (and its proof) V is energy-bounded and the vectors a E V iU^ 
satisfy the energy bounds in Eq. (110011 with k — 1 (linear energy bounds). Then, 
the argument in [14, Sect.2] based on [32], see also [45, Sect. 19.4], can be used to 
show that the von Neumann algebras Ay lLl ^(I), I E 3, satisfy the locality condition 
in Thm. I8.1I so that Ay lU ^(I) = Ay(I) for all I E 3 and thus V is strongly local. □ 

We now give various examples of VOAs that can be easily shown to be strongly 
local as a consequence of Thm. 18.31 

Example 8.4. The simple unitary vertex algebra L(c, 0) is strongly local. The corre¬ 
sponding irreducible conformal net ^lz,(c,o) is the Virasoro net defined in Subsect. 

[331 


We use the above example to give an application of Thm. 17.41 bv giving a a new 
proof of the main result in [153 • 

Theorem 8.5. Let 23 be a Mdbius covariant subnet of the Virasoro net A<$ KyC . Then, 
either 23 = C1;h or 23 = A<xht, c - 

Proof. By Tliorem 17.41 there is a unitary subalgebra W C L(c, 0) such that 23 = Ay/. 
The conclusion then follows from Corollary 15.321 □ 
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Example 8 . 6 . Let Vh be the (rank one) Heisenberg conformal vertex operator algebra 
[59] . Then Vh is generated by the one-dimensional subspace {Vh) i = Ker(L 0 — 1 Vh ) 
and hence it is strongly local. The central charge is given by c = 1. The corresponding 
conformal net Ay H coincides with free Bose chiral field net .Au(i) considered in [13] . 

Example 8.7. Let g be a complex simple Lie algebra and let V Sk be the corresponding 
level k simple unitary VOA, see [58] [59, TO] . Then V Bk is generated by (V^ fc )i ~ g and 
hence it is strongly local. The real Lie subalgebra g® = {a G g : da = a} is a compact 
real form for g. Let G be the compact connected simply connected real Lie group 
with simple Lie algebra g^. Then Ay B coincides with the loop group conformal net 
Aa k associated to the level k positive-energy projective unitary representations of the 
loop group LG [32 [ 88 , 98], see [44] [5T| [9T, 99] llOOj (see also [60] Sect.5]). 

Example 8 . 8 . Let n be a positive integer and let L 2n = Z\/2 n be the rank-one 
positive definite even lattice equipped with the Z-bilinear form (mi\/2n,m 2 ^/2n) = 
2nmim2■ Moreover, let Vj J2n be the simple unitary lattice VOA with central charge 
c = 1 associated with L 2n , see e.g. m Sect.2], Then Vl 2 „ contains the the Heisenberg 
vertex operator algebra Vh as a unitary subalgebra. Moreover, Vl 2 „ describes the same 
CFT model as the irreducible conformal net Mu(i) 2n D Au(i) with c = 1 and /i-index 
equal to 2 n considered in [ 104] . The net Au(i) 2ri is denoted by An, N = n in [13] . 
We have Vl 2 ~ V gi for g = sl(2, C) — Ay For n > 1 Vl 2h can be realized, by a coset 
construction, as a unitary subalgebra of V gi for g = D 2n , see [T3] Sect.5B], It follows 
that Vi 2n is strongly local for every n G Z >0 and using the classification results in [13] 
and [1041] it is not difficult to show that Ay L = A.u(i) 2 „ ■ 

Example 8.9. The known c = 1 simple unitary vertex operator algebras are 

v£, Vg,, (123) 

where G is a closed subgroup of SO(3) and n is not the square of an integer, see [26] 
Sect.7] and [1041 Sect.4], It follows from Example 18.81 that all these vertex operator 
algebras are strongly local. The corresponding c = 1 irreducible conformal nets are the 
c = 1 irreducible conformal nets classified in [ 1104] by assuming a certain “spectrum 
condition”. 


We now show another application of our general results by giving a new proof of 
mi Thm.3.2], Let us consider the case g = sl(2,C) and level k — 1. Then V^( 2 ,c)i 
has central charge c = 1 and hence we have the embedding L(l, 0) C V^[( 2 ,c)i- 

Lemma 8.10. Let W be a unitary subalgebra of V s[ ( 2 ,c)i- Then either W = Cfl or 
W D L(l,c). 

Proof. Assume first that W\ ^ {0}. Then we can find a vector a G W such that 
L 0 a = a, da = a and ||a|| = 1. By the proof of Prop. 16.31 we see that the operators a n 
satisfies the Heisenberg Lie algebra commutation relations 

[o m , a n ] m8 m ^— n 1 , 
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for all m,n6Z and hence a generate a copy of the Heisenberg vertex operator algebra 
Vh inside W, cf. Example 15.81 Since the central charge of Vh is 1, Vh have to contain 
the Virasoro subalgebra L(l, 0) of V. Accordingly, L( 1, 0) C W. 

Assume now that W\ = {0}. The characters formulae in [58] gives for q G (0,1), 

Tr vh ( 2,c h q Lo = '52<j' 2 p(q), 

j&Z 


where p(q) = ELeZx ^ 1 _ ?") 1 - Hence ; 

9 io = 1 + 3g + 4g 2 H- (124) 

so that the dimension of (Vd( 2 ,c)i ) 2 i s 4. 

Since W\ = {0}, then 


(a|fe_2fl) = (a|L_i&) = (Lia|6) = 0, 

for all a G W and all b G ( 141 ( 2 , 0 ) 1 )]/ Hence W 2 is orthogonal to the three-dimensional 
subspace {a_ 2 fi : a G (Vs[( 2j c)i) 1 }- But also the conformal vector v is orthogonal to 
the latter subspace since for any a G (H s[ ( 2i c)i) 1 we have 

(u\ a_ 2 0) = (0| [L 2 , a_ 2 ] 0 ) = ( 0 1 2 a 0 A 2 ) = 0 . 

Hence W 2 C C v. Now, by Remark 15.301 if z /' 1 = 0 then W = CO. Hence if 
W 7 ^ C12 then W 2 = Co and hence L(l, 0)cH. □ 

Now, let a G (Vsi( 2 ,c)i)) r Then, by [59] Remark 4.9c] e a ° converges on 14 i( 2 ,c)i 
and defines an element in Aut ( 14 i( 2 ,c)i)- bi fact, if da = a then e a ° is unitary i.e. 
e a ° G Aut(.|.) (Vg[( 2 ,c)i)> and the group generated by such unitaries is isomorphic to 
SO(3). The following proposition was first proved in [2?], see also [91]. 

Proposition 8.11. The fixed point subalgebra coincides with the Virasoro 

subalgebra L( 1, 0). 

Proof. By characters formulae for the unitary representations of affine Lie algebras, 
see e.g. [58] , and for the unitary representations of the Virasoro algebra, see e.g. [62], 
one finds 

Tr sow q L ° = (1 - q)p(q) = Tr L{h0) q L °, 

st( 2,C) 1 

see [23 EH- Since L(1,0) C the conclusion follows. □ 

Corollary 8.12. Aut ( .|.) ( 14 ( 2 ,c)i) = SO(3). 

Theorem 8.13. The map H y gives a one-to-one correspondence between 

the closed subgroups H C SO(3) and the unitary subalgebras W C 14 ( 2 ,c)i suc h that 

w 4 cn. 
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Proof. Let W C V^( 2 ,c)i be a unitary subalgebra such that W ^ CO. By Lemma 18.101 
and by Prop. 18.111 W contains the fixed point subalgebra ® i and the conclusion 
follows from Tlnn. 17.71 □ 

The following theorem is [T7J Tlnn.3.2] 

Theorem 8.14. The map H n- A^y^^ gives a one-to-one correspondence between 
the closed subgroups H C SO (3) and the subnets B C .Asu( 2 )i of the loop group net 
^su( 2 )i such that B ^ Cl. 

Proof. It follows from Example 18.71 that .Asu( 2 )i is the irreducible conformal net as¬ 
sociated with the strongly local simple unitary vertex operator algebra V^Qi- The 
claim then follows from Thm. 17.51 and Thm. 18.131 □ 

The next example is given by the moonshine vertex operator algebra Vf As 
explained in Example 15.101 V^ is a simple unitary VOA. We now show that it is 
strongly local. Note that the following theorem also gives a a new proof of [1 661 
Thm. 5.4], 

Theorem 8.15. The moonshine vertex operator algebra V^ is a simple unitary strongly 
local VOA. If Ayt, denotes the corresponding irreducible conformal net then Aut(Ayii) 
is the Monster group M. Moreover, up to unitary equivalence, A v i = Af where A^ is 
the moonshine conformal net constructed in ffJEJ . 

Proof. By [66], Lemma 5.1] the moonshine vertex operator algebra V^ is generated 
by a family of Hermitian quasi-primary Virasoro vectors in Vf and hence , it is 
strongly local by Thm. 18.31 Moreover, by Thm. 18.11 Ayt, = A# m, where A^ is defined 
as in Eq. (11221) . Since Aut(lA) = M is finite then, by Thm. 16.91 Aut(A v ^) = M. 
Moreover, by [66] Corollary 5.3], A^ = A^ and hence Af' = A v t. □ 

As a consequence of Thm. 17.II also the unitary subalgebras of the above examples, 
such as orbifolds, cosets, etc., are strongly local. Further examples of strongly local 
VOAs are obtained by taking tensor products. All these examples give a rather large 
and interesting class of strongly local VOAs. Moreover, they show that our results 
gives a uniform procedure to construct conformal nets associated to the corresponding 
CFT models. As an example we consider here the case of the even shorter moonshine 
vertex operator algebra V , cf. Example 15.331 

Theorem 8.16. The even shorter moonshine vertex operator algebra VB^ is a 

a simple unitary strongly local VOA. If A, rT $ denotes the corresponding net then 

va {0) 

Aut (A bv \\ ) is the Baby Monster group B. 

Proof. As explained in Example 15.331 VB^ (j . is a unitary subalgebra of the moonshine 
vertex operator algebra V^ and hence VB^ is a simple unitary VOA. Since V^ is 
strongly local by Thm. 18.151 then, also VB^ is strongly local as a consequence of 
Thm. 17.11 Since Aut(Vi?^) = B is finite then, by Thm. 16.91 Ant^Ay^ ) = B. □ 
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We conclude this section with two conjectures. 

Conjecture 8.17. Let L be an even positive definite lattice. Then the corresponding 
sumple unitary lattice VO A Vj y is strongly local and the corresponding conformal net 
A\/ l coincides with the lattice conformal net Al constructed in l3U\j . 

Conjecture 8.18. Every simple unitary vertex operator algebra is strongly local and 
hence generates an irreducible conformal net Ay. 


9 Back to vertex operators 

In this section we discuss problem of (re-) constructing vertex operator algebras start¬ 
ing from a given irreducible conformal net A. This problem is related to the problem 
of constructing quantum fields from local net of von Neumann algebras. In partic¬ 
ular we will prove that for any strongly local vertex unitary operator algebra V it 
is possible to recover all the vertex operators, and hence V together with its VOA 
structure, from the conformal net Ay. To this end we will crucially rely on the ideas 
developed by Fredenhagen and JorB in [38| where pointlike-localized fields where de¬ 
fined starting from irreducible Mobius covariant nets. In fact we will give a variant 
of the construction in [38] which avoids the scaling limit procedure considered there 
and completely relies on Tomita-Takesaki modular theory together with the results 
in Appendix iBl of this article. 

We first need to recall some facts by the Tomitata-Takesaki theory, see e.g. [Ml 
Sect.1.2] for details and proofs. Let M be a von Neumann algebra on a Hilbert space 
TC and let fl G TC be cyclic and separating for M. As usual we denote by S the Tornita 
operator associated with the pair (M, fl) and by A and J the corresponding modular 
operator and modular conjugation respectively. Hence S = J A 1 / 2 . For a G TC consider 
the operator Af a ° with dense domain M'fl and defined by S^fALl = Aa, A G M'. If a 
is in the domain ©(S') it is straightforward to see that C (A? a 0 )* and hence 
and 2 z? a ° are closable and their closures 2 zfs a and 2 z? a satisfy 2 zfs a C Af a *. Moreover, 
T£sa and 2 zf a are affiliated with M. As pointed out in [TH] that in certain situations 
the operators T£ a , a G ©(S') can be considered as abstract analogue of the smeared 
vertex operators, see also [4], Our variant of the Fredenhagen and JorB construction 
will clarify this point of view. 

Let A be an irreducible Mobius covariant net on S ' 1 acting on its vacuum Hilbert 
space fit. For any / we can consider the Tornita operator Sj = JjA 2 / 2 . The covariance 
of the net implies that for any 7 G Mob we have U( r y)SiU('j)* = S^i, U('y)JiU( 7 )* = 
J 7 / and f/( 7 )A/[/( 7 )* = A 7 j. Moreover, by the Bisognano-Wichmann property we 
have A)*, = e lKt , 1 G 1 . where K = iit(Li — L_ 1 ). Hence A ^,{ 2 = e^ K . We will 

denote J 5 i_ by 6 (PCT operator). Then 6 commutes with L_i, Lq and L\. 

Now, let a G JC be a quasi-primary vector of conformal weight d a G Z>q. Then, 
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for every / G A 00 (S' 1 ) we can consider the vector a(f) defined in Appendix OH namely 

«(/) = V lO. (125) 

■' n! 

nSZ> 0 

In the following for unexplained notations and terminology we refer the reader to 
Appendix [0 

By Tlnn. IB.41 if supp/ C S+ then a(f) is in the domain of S s i and 

S sl a(f) = (—l) da (0a)(f). (126) 

S ' 1 

Hence the operator AVt i —y Aa(f), A G A(S'^_) / , is closable and its closure AfA 
is affiliated with A(S'I). By the above stated covariance property of the modular 
operators A 7 , / G 3 and Prop. IB. 1 1 we see that we can define in a similar way an 
operator Af a 7 ^ for any / G J and any / G C°°(S' 1 ) with supp/ C /. Then by the 
discussion above and Prop. IB.II we have 

U(l)KjVW = (127) 

for all / G J, all / G C 00 (5' 1 ) with supp/ C / and all 7 G Mob. Moreover, 

(-D^iW) c (*i /)>' < 128 > 

for all / G J, and all / G C'°°(5' 1 ) with supp/ C /. Note also that also that for any 
/ G 4 and any b G the linear map : C“(/) —* TC given by / hG Afyyb is 

continuous, namely / 1 —>- J 2 ? a 7 ^ is an operator valued distribution on Note 

also that if A C A, A, A £ J, and / G C£°(A) then J*? 72 ^ C 2 z? a 71 ^. 

All the above properties justify the following notation and terminology. For every 
quasi-primary vector a G IK and all / G C%°(I) we define Y}(a, /) by T/(a, /) = Af 7 ^. 
We call the operators Y/(a, /), / G J, / G C£°(I) Fredenhagen-Jorfi (shortly FJ) 
smeared vertex operators or FJ fields. 

The FJ smeared vertex operators have many properties in common with the 
smeared vertex operators. These are obtained simply by a change of notations for 
the corresponding properties of the operators JAW, / G J, / G C' 00 (S' 1 ). First of all, 
for any / G 3, / G Yj(a, /) is an operator valued distribution on C^° (A) in the sense 
that the map : C£°(I) —* IK given by / hG J/(a, /)fe is linear and continuous for every 
b G A(I)'Q. Moreover, the following compatibility condition holds 

Y h (aJ)cY h (aJ) (129) 

if A C A, A, A £ J, and / G C^°(A) so that if b G A/A/H the vector valued 
distribution C/°(A) 3 / H► Yj 2 (a, f)b extends (7^°(A) 3 / eG Y Il (a, f)b. Finally, from 
Eq. (I127p and Eq. (11281) we get the following covariance and hermiticity relations 

A( 7 )W(a,/)A( 7 )* = Y jI (a, /A a ( 7 )/)), (130) 
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for all I G J, all / G C°°(S 1 ) with supp/ c I and all 7 G Mob. Moreover, 

(-1 ) d -Y,($a,J)cY I (a,fr (131) 

for all I G J, and all / G C°°(S 1 ) with supp / C I. 

As usual for distributions we can use the formal notation 

U(«,/) = J Y i(a,z)f(z)z d ‘^-. (132) 

Then we say that the family {Y/(a, z) : I G J} is an FJ vertex operator or an FJ 
held. Unfortunately there it is not known if the FJ smeared vertex operators admit 
a common invariant domain. Hence we cannot extend the family of distributions 
{Yj(a,z),z G / : / G 3} to a unique distribution Y(a,z). In particular the FJ fields 
cannot in general be considered as quantum fields in the sense of Wightman [ 55] . 

The following proposition is a slightly weaker form of the result vi) stated in [38l 
Sect.2] and proved in [3SJ Sect.4]. 

Proposition 9.1. The FJ smeared vertex operators generate the irreducible Mobius 
covariant net A, namely 

A(I) = W*({Y h (a, f) : a G (J Ker (L 0 -kl n ), U a = 0, / G h 6 0, h C /}) 

fcez> o 

for all I G J. 

Proof. For any J G J we define 23 (J) by 

£(/) = W*({Y h (a,f) : a G (J Ker(L 0 -fcl M ), L x a = 0, / G C?{h), h e J, h C /}). 

o 

Clearly the family {23 (J) : / G J} is a Mobius covariant subnet of A. Let = 23(S ,1 )h2 
be the corresponding vacuum Hilbert space. Then a(f) G Jf® for every quasi-primary 
vector a G J£ and every / G C ,00 (S' 1 ). Since the representation U of Mob is completely 
reducible the linear span of the vectors a(f) with a quasi-primary and / G C'°°(S' 1 ) is 
dense in JC so that TC% = J~C and thus 23 = A. □ 

Our next goal in this section is to prove that the FJ smeared vertex operators of 
a conformal net Ay associated with a strongly local simple unitary VOA V coincide 
with the ordinary smeared vertex operator of V. 

Theorem 9.2. Let V be a simple unitary strongly local VOA and let Ay be the 
corresponding irreducible conformal net. Then, for any quasi-primary vector a G V 
we have Yj(a,f) = Y(a,f ) for all I G J and all f G i.e. the smeared vertex 

operator ofV coincide with the FJ smeared vertex operator of Ay. In particular one 
can recover the VOA structure onV = < Kf in from the conformal net Ay. 




Proof. We first observe that, for any / £ Y(a,f) is affiliated with A(I) and 

hence its domain contains A(I)'VL D A(I') fl AC°°. Since the latter is a core for Y (a, /), 
by Prop. 17.31 then also A(I)'Q is a core for the same operator. On the other hand 
A(I)'VL is a core for Yj(a, f) by definition. Using Prop. IB.51 in Appendix iBl for any 
A £ A(I)' we fold 


Y(a, f)AQ = AY (a, f)Sl = Aa(f ) = Y/(a, f)AQ. 

Accordingly the closed operators Y(a, /) and Y/(a, /) coincides on a common core 
and hence they must be equal. □ 

We now consider a general irreducible conformal net A. We want to find conditions 
on A which allow to prove that A = Ay for some simple unitary strongly local VOA 
V. As a consequence of Thm. 19.21 a necessary condition is that for every primary 
vector a £ At the corresponding FJ vertex operator { Yj(a,z ) : / £ J} satisfies energy 
bounds i.e. there exist a real number M > 0 and positive integers k and s such that 

IIU(o,/) 6 || < M||/||,||(L 0 + 1 K )*&|| (133) 

for all / £ J, all / £ Cf°(I) and all b £ AL(/)'r2n AC°°. We will see that the condition is 
also sufficient and that actually it can be replaced by an apparently weaker condition. 

We say that a family & C AC of quasi-primary vectors generates A if the corre¬ 
sponding FJ smeared vertex operators generates the local algebras i.e. if 

A(I) = W*({Y h (a,f) : a £ / £ C?{h), h G J, h C /}). (134) 

Theorem 9.3. Let A be an irreducible conformal net that is generated by a family 
of quasi-primary vectors &. Assume 9^ = & and that for every a £ & the FJ 
vertex operator { Yj(a,z ) : / £ 3} satisfies energy bounds. Moreover, assume that 
Ker(L 0 —nlft) is finite-dimensional for alln £ Z> 0 . Then, the vector space V = 'Kk tn 
admits a VOA structure making V into a simple unitary strongly local VOA such that 
Ay = A . 

Proof. By the same argument used for the ordinary smeared vertex operator in Sect. 
El it can be shown that the energy bounds imply that JC°° is a common invariant core 
for the operators Y r (a, /), I £ J, / £ a £ &. Let {A, J 2 }, I\, A £ J be a cover 

of S 1 and let {</?i,<^ 2 }, Pi,P 2 £ C' 0 O (S' 1 ,M) be a partition of unity on S 1 subordinate 
to {A, A}, namely supp^ C A, k = 1, 2, and Xq=i Pk(z) = 1 for all z £ S 1 . For any 
a £ & and any / £ A 00 (A 1 ) we define an operator Y (a, /) on JJ with domain AC 00 by 

2 

Y(a ,/)6 = ^Y /j .(a,^/) 6 , b £ AC°°. 

j=i 
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Let h, h G J be another cover of S 1 and if i, if 2 G C°°(S' 1 ,R) be a partition 

of unity on S 1 subordinate to {/i,/ 2 }. Then, using the compatibility conditions in 
Eq. (I129p for the FJ smeared vertex operator we find that 




3 = 1 


2 

X Y I .(a,<p m <p j f)b 

j,m= 1 
2 

X Y im (a,0 m (fjf)b 

j,m= 1 
2 

Y Y iJ a ^mf)b 
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for all b G JC°°. Hence, Y(a, /) does not depend on the choice of the partition of unity 
{</?!, nor on the choice of the cover {T 1? T 2 }. It follows that for any I G J and 
any / G C“(/) we have Y(a, f)b = Y/(a, f)b for all b G !K°°. Moreover, we have the 
covariance property 

U(l)Y(a, f)U(p/)* — Y(a, fid a {l)f))-> 

the adjoint relation 

(-l) d -Y(0aJ)cY(ajr 

and the state field correspondence Y(a,/)= a(f) for all / G C°°(S 1 ) and all 7 G 

Mob. 

By assumption the FJ vertex operator { Yj(a,z ) : / G J} satisfies energy bounds 
with a real number M > 0 and positive integers s, k. Given f, f G C , °°(S' 1 ) we have 


hence 


(M + 1 )K ( ^/)nl < X^H + 1 )1^l ' 1^ 

jez 


WvfW* = XtH + ^IO/) 

nEZ 

< XI (I 71 !+ ' 10 


"-j 1 


1 


n i. 


X (I m +Jl + 1 ) S |/il • I fir 


< 


It follows that 


ll*W)&ll = 


< 


llX y b( a > < fb/) 6 H 

j =1 

M (XMi. 

V 7=1 


i ||(£o + l«)*6|| 
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for all / G C 00 (S' 1 ) and all b G Ji°°, i.e. the operators Y(a,f), f G C'°°(S' 1 ) satisfy 
energy bounds with the same positive integers s, k and the positive constant M = 

M (EU fell.)- 

Now, let e n G C°°(S 1 ), n G Z, be defined by e n (z) = z n , z G S' 1 . For every a G 
we define a n = Y (a, e n ), nGZ. We have 

IMII <2 s M(|n| + l) s ||(L 0 + l M ) fc 6||, 

for all n G Z and all b G CK 00 . By the covariance property we have e ltL ° a n e~ ltL ° = 
e~ mt a n for all t G R. It follows that [L 0 , a n ]fc = —na n b for all «GZ and all b G TC°° 
and hence that a ra 3v m C 3 Hd m for all nGZ. The covariance properties also implies 
that [L_i, a n ]6 = (—n — da + l)a n _i& and [Li, a n ]6 = — (n — da + l)a n+ i6 for all nGZ 
and all b G !K°°. Moreover, we have a-d a kl = a(e_dj = a for all a G <#". Now let, 
Id C 3 Hd m be the linear span of the vector of the form 


with a 1 , a 2 , ■ ■ ■ , a k G & and n i, n 2 , • • • , n*, G Z. We want to show that Id = 

Let CHV C CK be the closure of V and ey be the orthogonal projection onto Jiy. First 
note that since the series 'Yh n &fn e n converges to / in C'°°(S' 1 ) and thus 

f n a n b = Y (a, /) 

nGZ 

for all a G all b G df 00 and all / G C°°(S 1 ). It follows that Y (a, f)b and Y (a, f)*b 
belong to Jiy for all a G J?, all b G and all / G C'°°(S' 1 ). 

From the fact that = Ker(Lo — nl^) is finite-dimensional for all n G Z>o it follows 
that e v K fm = V. As consequence we have [ey,F(a, /)]6 = 0 for all a G all 
b G Id and all / G C'°°(S' 1 ). Recalling that is a core for every FJ smeared vertex 
operator we can conclude that eyl/(a,/) C l/(a, f)ey for all a G & , all / G 3 and 
all / G C^°(I). Hence, since the family generates the net A, we see that ey = 1^ 
by the irreducibility of A so that V = 3K^ m . 

The above properties imply that the formal series 

$a(s) = a ™ z ~ n ~ da i a e & 

n€jj 

are fields on V that are local and mutually local (in the vertex algebra sense) as 
a consequence of the locality of the conformal net A and Prop. IA.11 In fact they 
satisfy all the assumption of the existence theorem for vertex algebras [59j Tlnn.4.5]. 
Accordingly Id is a vertex algebra whose vertex operators satisfy Y(a,z ) = $ a (^) 
for all a G A unitary representation of the Virasoro algebra on Id by operators 
L n , n G Z is obtained by differentiating the representation U of Diff + (S <1 ) making 
A covariant, see Thin. 13.41 and [T 8 | i20j [72] . Then, L(z) = S ne z-Ln ^ _n ” 2 is a local 
field on Id, which, as a consequence of the locality of A, is mutually local with all 
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Y(a, z), a G V. Moreover, L{z)Vt = e” L_ 1 L_ 2 W By the uniqueness theorem for vertex 
algebras [591 4.4] we have L(z) = Y(u,z) where v = L„ 2 hh Hence v is a conformal 
vector and hence V is a VOA. 

Now, the scalar product on df restrict to a normalized scalar product on V having 
unitary Mobius symmetry in the sense of Subsect. 15.21 For every the adjoint 

vertex operator Y(a,z) + defined in Eq. (19T|) satisfies 

Y(a,z) + = (-1 ) da Y(9a,z) 


and hence it is local and mutually local with respect to all the vertex operators Y ( b , z), 
b G V. Now, let 


^+ = { 


a + (—1 ) da 9a 


g J 5 "} 


and let 


JC = {-i- 


- (—1 ) da 9a 


: a 


e J^}. 


Then, {Y(a,z) : a G U is a family of Hermitian quasi-primary fields which 
generates V. Hence, V is unitary by Prop. 15.171 Moreover, by Prop. 15.31 V is 
simple because Vo = Cfh By Prop. 16.11 V, being generated by the family & of 
elements satisfying energy bounds, is energy-bounded. Since the net A&, cf. Eq. 
(11221) . coincides, by assumption, with A , we can apply Thm. 18.11 to conclude that V 
is strongly local and Ay — A. □ 


We end this section with the following conjecture. 


Conjecture 9.4. For every conformal net A there exists a simple unitary strongly 
local vertex operator algebra V such that A = Ay. 


A Vertex algebra locality and Wightman locality 

The axiom of locality for vertex algebras is a purely algebraic formulation of the 
locality axiom for Wightman fields, see |59l Chapter 1], In this work we use in 
various occasions some consequences of the correspondence of these two formulations 
of the axiom of locality. In the this appendix, using the simplifying assumption of 
the existence of polynomial energy bounds, we give a proof of the equivalence of these 
two formulations in a framework which is sufficiently general for all the applications 
in this paper. 

Let be a Hilbert space and let Lq be self-adjoint operator on J~C with spectrum 
contained in Z> 0 . We denote by V the algebraic direct sum 

A fm = 0 Ker(L 0 -nl M ). (135) 

nGZ> 0 
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Then V is dense in J~C. Moreover, we denote by fK°° C CK, the dense subspace of C°° 
vectors for L 0 namely 

TC°°= f| D ((L 0 + 1*)*) ■ (136) 

Let a n , b n , n G Z be operators on IK with common domain V and assume that 
e itL ° a n e~ itL ° = e~ int a n , e itLo b n e~ itLo = e~ int b n 
for all t G K and all n 6 Z. It follows that 

a n Ker(L 0 - kl-x) C Ker(L 0 - (k - n)l w ) 

and 

6 n Ker(L 0 - kl K ) C Ker(L 0 - (k - n) 1 M ) 

for all n6Z and all k G Z> 0 so that the operators a n , b n restrict to endomorphisms 
of V and for every c G V we have a n c = b n c = 0 for n sufficiently large. As a 
consequence the formal series <E> a (z) = Yh n & a n z ~ n and ®b(z) = Yhn&^nZ~ n are 
fields on V in the sense of Subsect I4~T1 see also (59[ Sect.3.1]. We assume that the 
fields and $b(z) satisfy (polynomial) energy bounds in the sense of Sect] 6 ]i.e. 

there exist positive integers s, k and a constant M > 0 such that, for all n G Z and 
all c G V 

Kc|| < M(\n\ + 1) S ||(L 0 + l^) k c\\, \\b n c\\ < M(\n\ + l) s \\{L 0 + l M ) fc c||. (137) 
Accordingly we can define the smeared fields 

*a(f) = Q nfn, Mf) = J2 (138) 

nGZ 7iGZ 

/ G G 00 (S' 1 ), having fK°° as common invariant domain. 

According to Subsect 14711 we say that the fields <& a (z) and $b(z) are mutually 
local in the vertex algebra sense if there exists a non-negative integer N such 
that 

(z — w) N [<f> a (z), <E>&(w;)]c = 0 (139) 

for all c G V. Moreover, we say that the fields $ a (z) and $&(z) are mutually local 
in the Wightman sense if 


[*a{f),Mf)]c = 0 (140) 

for all c G fK°° if supp/ C / and supp/ C /', / G J, cf. [95]. We now show that under 
our assumptions these two locality conditions are equivalent. 

Proposition A.l. The fields < L a (^) and 4 ) b(^) are mutually local in the vertex algebra 
sense if and only if they are mutually local in the Wightman sense. 
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Proof. For every c,d G V the two variable formal series 


(d|[$ a (z),$ 6 (i/;)]c) = (d\[a n ,b m ]c)z n w m 

n,mGZ 


can be considered as a formal distribution ip c , d {z , w) on S 1 x S 1 i.e. a linear functional 
on the complex vector space of the two variable trigonometric polynomials, see m 
Sect.2.1]. Because of the energy bounds this formal distribution extends by continuity 
to a unique ordinary distribution, again denoted by ip c>d (z,w), on S 1 x S 1 , i.e. a 
continuous linear functional on C°°(S 1 x S' 1 ). If the fields & a {z) and ${,( 2 ) are mutually 
local in the vertex algebra sense then, by [53, Thm.2.3 (i)], the distribution ip c>d (z,w) 
has support in the diagonal 2 = w of S ' 1 x S 1 and hence (d\ [<F a (/), $ b (/)]c) = 0 if 
supp/ C / and supp/ C /', / G J. Since c,deV where arbitrary it follows that 
[<f> a (/), <f>b(/)]c = 0 for all c G V if supp/ C / and supp/ C /', / G J. Now, as a 
consequence of the energy bounds, the same equalities also hold for for any c G F£°° 
and hence the fields & a (z) and $^( 2 ) are mutually local in the Wightman sense. 

Conversely let us assume that the fields <f> a ( 2 ) and &b(z) are mutually local in the 
Wightman sense. Then, the distribution tp c ^(z,w) has support in the diagonal z = w 
of S 1 x S 1 . Moreover, as a consequence of the energy bounds, there is an integer 
N > 0 such that, for all c, d G V, <p c ,d(z, w) is a distribution of order less then TV — 1, 
i.e. for every c,d E V there is a constant M C)d > 0 such that 


|<VW>I < M C)d max{|a Q /(e^,e^)| : 


e^Ce ^ 2 e S\\a\ < N - 1} 


for all / G C°°(S 1 x S' 1 ), where, as usual, for a multi-index a = («i, ct 2 ), «i, ct 2 G Z> 0 , 
| a | denotes the sum aq + a 2 and d a denotes the partial differential operator of order 
|a| dehned by 


d a = 






see [93], Chapter 6 ]. Then, it follows by a rather straightforward adaptation of [93[ 
Thm.6.25] and by [591 Thm.2.3], that (z — w) N ip C)d (z, w) = 0 for all c,deV and hence 
that the fields $ a (^) and < hfe(z) are mutually local in the vertex algebra sense. □ 


B On the Bisognano-Wichmann property for rep¬ 
resentations of the Mobius group 

Let U be a strongly continuous unitary positive-energy representation of the Mobius 
group Mob ~ PSL(2,R) on a Hilbert space CK. Let L 0 be the self-adjoint generator 
of the one parameter subgroup of U of (anti-clockwise) rotations. Then the spectrum 
of L 0 is a subset Z> 0 . Accordingly, the (algebraic) direct sum of the subspaces 
Ker(Lo — nl^), n G Z>o is dense in J~C. As it is well known the vectors in CH/ m are 
smooth vectors for the representation U and it is invariant for the representation of 
5 /( 2 , M) obtained by differentiating U, see |76, [89] and [T 8 ] Prop.A. 1 ], Accordingly 
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there is a representation of 5/(2, M) on J-C^ m by essentially skew-adjoint operators and 
hence a unitary representation of its complexihcation sl( 2, C). The latter Lie algebra 
representation is spanned by L 0 together with operators L 1 , L_]_ satisfying L 1 C L*_ x 
and the commutation relations [L 1 ,L_ 1 ] = 2 L 0 , [Li,L 0 ] = L x and [L_i,L 0 ] = —L^. 

We say that a vector a G K^ in is quasi-primary if L\a = 0 and L 0 a = d a a for some 
d a G Z> 0 . We say that d a is the conformal wight of a. If a is quasi-primary we consider 
the vectors a n G TC^ m , n G Z> 0 defined by a n = ■^L r L 1 a. The linear span ‘K a d m of {a n : 
n G Z> 0 } is invariant for the action of the operators L_i, L 0 , Li and the corresponding 
representation of s/( 2 , C) on “K a d m is the irreducible unitary representation of sl( 2 , C) 
with lowest conformal energy d a . Note that L^aJ 1 — (n + d a )a n for all n G Z>o- 
Moreover, the closure CK a of J~C a T m is an irreducible [/-invariant subspace of 34 carrying 
the unique (up to unitary equivalence) strongly continuous unitary positive-energy 
representation of Mob with lowest conformal energy d a G Z>o- 

If d a = 0 then a n = 0 for all n > 0 and the corresponding representation of Mob 
is the trivial one. For d a > 0 it is rather straightforward to prove by induction that 
Lia n = (2 d a + n)a n ~ l for all n G Z >0 and that, as a consequence, 

^ ||a|| 2 , for all n G Z> 0 . (141) 

The above computation shows that for every / G C^^S 1 ) the series 

nGZ> o 


| a n || 2 = 


‘Ida + n — 1 
n 


converges to an element a(f) G lK a C < K. Moreover, / i —> a(f) is a linear continuous 
map : C'°°(^ 1 ) JC a . Now, for any 7 G Diff + (,S 1 ) let ,/i d „( 7 ) : C°°(^ 1 ) -)• C°°(^ 1 ) 
be the map defined in Eq. (II 19)1 . Following the strategy for the proof of Prop. 16.41 
one can prove the following proposition which in fact can also be easily proved to be 
a consequence of Prop. 16.41 together with Prop. IB. 51 here below. 

Proposition B.l. Let a G 34 be a quasi-primary vector of of conformal weight d a > 0. 
Then U(^)a(f) = a[/3d a (^)f) for all 7 G Mob and all f G C°°(S 1 ). 

Now, for every / G J we define the closed real linear subspace H a ( K I) C TC a to be 
the closure of the real linear subspace subspace 

{ a (f) : / G (7°° (5 1 , K), supp/ C /}. 

Then, as a consequence of Prop. IB.11 the family {H a (I) : I G 3} is Mobius covariant, 
namely U(^)H a (I) = H a {p/I) for all / G 3 and all 7 G Mob. Moreover, the family 
obviously satisfies isotony, namely H a (Ii ) C H a (I 2 ) if h C I 2 , Ii,I 2 G J. 

We now want to show that the family is a local Mobius covariant net of real linear 
subspaces of 34“ in the sense of [761 Def. 4.1], see also [T7j and p/L]. To this end we 
need to show that the family satisfies locality. Let fi, f 2 G C , 00 (S' 1 ,M). Then 
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Of 


1 oo 

X/l)|a(/ 2 )) = - ^ ((/l) n+da (/ 2 )_ n _ da - (/ 2 ) n+c J/l)_ n _ da ) 11° 

n =0 

' I E ~ ^ _ ' 

n— n \ 


1 OO _ _ / 

¥i E ((«„©_„ - ©„(«_„) ( 

n=d a ' 


d a + n - 1 

77, - d n 


Now let pd a (x) be the polynomial defined by 


Pd a (x ) 


(dg + x - l)(d ffl + x - 2) • • • (d a + x - 2 d a + 1) 

2d a -l 


(142) 


Then 


Pd a {n ) 


7d a + 77 - l\ 
V n - da ) 


for every integer n > d a . Moreover, p da {n ) = 0 for 77 = 0,1, • • • , d a — 1. Note also 
that pd a (x) = x for d a = 1 while for d a > 1 we have 


d a -1 


Pd a {x) = 


X 


2da - 1 


J(i 2 -n 2 ), 


(143) 


n=l 


so that p da {x ) is an odd polynomial. Hence 


3(a(/i)|a(/ 2 )) = M- ^ ((/i) n (/ 2 )_ n - (/ 2 ) n (/i)_ ri ) 


4i 

la 


n£Z 
2 [ , 2'k 




As a consequence, if supp/i C / and supp/ 2 C /', / 6 3 then A(a(/i)|a(/ 2 )) = 0 and 
hence the Mobius covariant isotonous family {//“(/) : J 6 J} satisfies locality so that 
it is a local Mobius covariant net of real linear subspaces of J~C a in the sense of iza 
Def. 4.1]. 


Lemma B.2. Let a G ‘K be a quasi-primary vector of conformal weight d a > 0 and 
let K = 77 t(Li — L_i). Then, there exists a a G C with |a a | = 1 such that a(f) is in 
the domain of e^ K and e? K a(f) = a Q a(/ o j) for all f G C'°°(5' 1 ) with supp / C 5' 1 + , 
where j{z) = z _1 for all z G S' 1 . 

Proof Let H = H a (S 1 + ). Then by [76]. Thm.4.2] id is a standard subspace of D4 a , 
see [ 751 Sect.3]. Hence one can define on 37“ the antilinear closed operator Sh having 
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1 /*? rs-1 

polar decomposition Jh^h as ai PEI Sect.3]. Le 5{t) be the one-parameter subgroup 
of Mob defined by 

zcosht/2 — sinht/2 
—zsinht/2 + cosht/2’ 

(“dilations”) corresponding to the vector field sin on S 1 , z = e*A We have 
8(t)S[ = S\ for all t e R. 

Since e lKt = U(5(—2nt)) for all t G R, it follows from [761 Thm.4.2] that A 
coincides with the restriction to 34“ of e^ K . Accordingly, if / : S 1 —> C is a smooth 
function with supp/ C then a(f) is in the domain of e* K and JH^ K a(f) = 
*SA a (/) = a(f) and thus e^ K a(f) = J//a(/). Now, again by [76) Thm.4.2], Jh 
commutes with the restrictions of T_i, To, L\ to !K a and hence there exists a a G C with 
\a a \ = 1 such that JhCl 71 = a a a n for all n 6 Z> 0 . It follows that Jhcl(J) = a a a (/ o jj 
for all / e C°°(S 1 ). Hence, if supp/ C S' 1 .,, then e^ K a(f) = a a a(f o j). □ 

Our next goal is to compute the constant a a in Lemma IB .21 for every quasi-primary 
a £ 34 with conformal weight d a > 0. 

Proposition B.3. a a = (—l) d “ for every quasi-primary vector a e fit of conformal 
weight d a > 0. 

Proof. Let / be a smooth real function on S 1 whose support is a subset of S x + and 
let /W = ^(i(-2,rt))/,t6R 

Consider the function (p : R —y C defined by 

•Pit) = (o| atf-t)) = \\a\\ 2 (pZ)_ da = ^ f 


Recalling the explicit form of and Eq. ( 11191) we find 

•Pit) = |’ T (x l{ . 2 ,ys(2yyy)) d --y(s(2y(y)y d ‘ e M. 

We now change the variable in the integral by setting e™ = 5(—27rt)(e ia ), a 6 [— n, 7r] 
with the following result 

•Pit) = ^ f /(e“) (X i{ . M} (ey) d ‘- 2 (Si- 2y(e“)) d -d a 
= /(«”) log(«5(-27rO(e“))4 " (S(-2wt)y“)) d ‘da 

= [ /(eia) (-i^‘og(i(-2^)(e”))l “ (6(-2*t)y°)) d ‘da 

= [ k da (t, a)f(e ta )da 
Jo 
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where we used the fact that /(e* a ) = 0 for a G [— n, 0] by assumption. Now, using 
the explicit expression 


S(—2irt)(e ia ) 


e ia cosh(7rt) + sinh(7rt) 
e lOL sinh(7rt) + cosh(7rt) ’ 


it is straightforward to check that, for any a e [0,4 t 4 kd a (t,a ) extends to a 
continuos function z H > k da (z,a) on the closed strip © = {z G C : Az G [—1/2,0]}, 
which is holomorphic in the interior of (5. Moreover, the function of two variables 
(z, a) M- k da (z,a ) is continuous on © x [0,7r]. Accordingly 


$i(A) = [ k da (z,a)f(e ta )da 
Jo 

is continuous on the strip © and holomorphic in its interior. Clearly $i(£) = <p(t) for 
all tel. Moreover, one finds that 


kda(-i/2,a) 



(—l) da e 


-id a a 


and thus 

$ 1 (-i/2) = f f( e ia )e~ idaa da 

27r Jo 

llryll 2 

= (-l) d “^ / f(e~ ia )e idaa da 

27r J — 7T 

= (—l) da (a|a(/ o j)). 

On the other hand, since ip(t) = (a\e lKt a(f)) for all t G R and a(f) is in the domain 
of e~ there is a function $2 (A) which is continuous on the strip © and holomorphic 
in its interior, such that $ 2 (t) = ip(t). Moreover, by Lemma IB.21 we have $ 2 (—*/ 2 ) = 
o a (a| a(f 0 j))- Now, = ^(t) for all t G M and hence, by the Schwarz reflection 

principle we have <E>i(z) = $ 2 ( 2 ) for all z G © and hence (—l) da (a|a(/oj)) = a Q (a|a(/o 
j )). The conclusion then follows from the fact that we can take / G C' 00 (S' 1 ,M) with 
support in S 1 + and such that (a\a(f o j)) ^ 0 □ 

The following theorem is a straightforward consequence of Lemma IB.21 together 
with Prop. lB~3l 

Theorem B.4. Let K = m(Li — L_ 1 ) and let f G C'°°(S' 1 ) with supp/ C S 1 + . Then 
a(f) is in the domain of e^ K and e? K a(f) = (—1 ) da a(f o j), where j(z) = z" 1 for all 
z G S 1 . 

Proposition B.5. Let V be a simple unitary energy-bounded VOA and let a G V da 
be quasi-primary. Then Y(a, f)fl = a(/). 
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Proof. It follows directly from Eq. (169|) that a- n -d a Ll = -fLfQ for all n G Z> 0 . 
Moreover, a n Ll = 0 for all integers n > —d a . Hence the conclusion follows from the 
definition of a(f). □ 

The following theorem plays a crucial role in the proof of Thm. 18.11 

Theorem B.6. Let V be a simple unitary energy-bounded VO A and let a G VJ a 
be quasi-primary. Let K = m^Li — L_i) and let f G C'°°(S' 1 ) with supp/ C 5' 1 + . 
Then Y(a,f)Ll is in the domain of e^ K and e 2 K Y'(a } f)Ll = (— l) da Y(a, / o j), where 
j(z ) = z~ x for all z E S 1 . 

Proof. The theorem follows directly from Thm. IB.41 and Prop. IB.51 in the case d„ > 0. 
In the case d a = 0 it holds true trivially. □ 

Acknowledgements. We thank V. Kac and F. Xu for useful discussions and com¬ 
ments. S. C. would like to thank Y. Tanimoto for pointing him references [35] and 


References 

[1] V. Bargmann: On unitary ray representations of continuous groups. Ann. of 
Math 59 (1954), no. 1, 1-46. 

[2] J. Bisognano, E. Wichmann: On the duality condition for a Hermitian scalar 
held. J. Math. Phys. 16 (1975), 985-1007. 

[3] B. Blackadar: Operator algebras. Springer-Verlag, Berlin-Heidelberg-New York, 
2006. 

[4] H.J. Borchers, D. Buchholz and S. J. Summers: Polarization free generators and 
the S-matrix. Commun. Math. Phys. 219 (2001), no. 1, 125-140. 

[5] H.J. Borchers and J. Yngvason: Positivity of Wightman functionals and the 
existence of local nets. Commun. Math. Phys. 127 (1990), no. 3, 607-615. 

[6] H.J. Borchers and J. Yngvason: From quantum fields to local von Neumann 
algebras. Rev. Math. Phys. Special Issue (1992), 15-47. 

[7] H.J. Borchers and W. Zimmermann: On the self-adjointness of held operators. 
Nuovo Cimento XXXI (1963), 1047-1059. 

[8] H. Bostelmann: Phase space properties and the short distance structure in quan¬ 
tum held theory. J. Math. Phys. 46 (2005), no. 5, 052301, 17 pp. 

[9] O. Bratteli and D.W. Robinson: Operator algebras and quantum statistical me¬ 
chanics 1. Springer-Verlag, Berlin-Heidelberg-New York, 1987. 


79 









[10] R. Brunetti, D. Guido and R. Longo: Modular structure and duality in conformal 
quantum field theory. Commun. Math. Phys. 156 (1993), no. 1, 201-219. 

[11] R. Brunetti, D. Guido and R. Longo: Modular localization and Wigner particles. 
Rev. Math. Phys. 14 (2002), Nos. 7, 8, 759-785. 

[12] D. Buchholz: On quantum fields that generate local algebras. J. Math. Phys. 31 
(1990), no. 8,1839 -1846. 

[13] D. Buchholz, G. Mack and I.T. Todorov: The current algebra on the circle as a 
germ of local field theories. Nucl. Phys. B (Proc. Suppl.) 5B (1988) , 20-56. 

[14] D. Buchholz and H. Schulz-Mirbach: Haag duality in conformal quantum field 
theory. Rev. Math. Phys. 2, no. 1, (1990), 105-125. 

[15] S. Carpi: Absence of subsystems for the Haag-Kastler net generated by the 
energy-momentum tensor in two-dimensional conformal field theory. Lett. Math. 
Phys 45 (1998), no. 3, 259-267. 

[16] S. Carpi: Quantum Noether’s theorem and conformal field theory: a study of 
some models. Rev. Math. Phys. 11 (1999), no. 5, 519-532. 

[17] S. Carpi: Classification of subsystems for the Haag-Kastler nets generated by 
c = 1 chiral current algebras. Lett. Math. Phys. 47 (1999), no. 4, 353-364. 

[18] S. Carpi: On the representation theory of Virasoro nets. Commun. Math. Phys. 
244 (2004), no. 2, 261-284. 

[19] S. Carpi: Intersecting Jones projections. Int. J. Math. 16 (2005), no. 6, 687-691. 

[20] S. Carpi and M. Weiner: On the uniqueness of diffeomorphism symmetry in 
conformal field theory. Commun. Math. Phys. 258 (2005), no.l, 203-221. 

[21] S. Carpi, Y. Kawahigashi and R. Longo: Structure and classification of super- 
conformal nets. Ann. H. Poincare 9 (2008), no. 6, 1069 -1121. 

[22] N. Chriss and V. Ginzburg: Representation theory and complex geometry. Boston- 
Basel-Berlin: Birckhaiiser, 1997. 

[23] A. Connes: Une classification des facteurs de type III. Ann. Scient. Ec. Norm. 
Sup., 4 e sene 6 (1973), 133-252. 

[24] C. D’Antoni, R. Longo and F. Radulescu: Conformal nets, maximal temperature 
and models from free probability. J. Operator Theory 45 (2001), no.l, 195-208. 

[25] Ph. Di Francesco, P. Mathieu and D. Senechal: Conformal Field Theory. 
Springer-Verlag, Berlin-Heidelberg-New York: Springer Verlag 1996. 


80 


[26] R. Dijkgraaf, C. Vafa, E. Verlinde and H. Verlinde: The operator algebra of 
orbifold models. Commun. Math. Phys. 123 (1989), no. 3, 485-526. 

[27] C. Dong and R.L. Griess Jr.: Rank one lattice type vertex operator algebras and 
their automorphism groups. J. Algebra 208, no. 1 , 262-275. 

[28] C. Dong and X. Lin: Unitary vertex operator algebras. J. Algebra 397 (2014), 
252-277. 

[29] C. Dong and G. Mason: Quantum Galois theory for compact Lie groups. J. 
Algebra 214 (1999), no. 1, 92-102. 

[30] C. Dong and F. Xu: Conformal nets associated with lattices and their orbifolds. 
Adv. Math. 206 (2006), no. 1, 279-306. 

[31] S. Doplicher and R. Longo: Standard and split inclusions of von Neumann alge¬ 
bras. Invent. Math. 75 (1984), no. 3, 493-536. 

[32] W. Driessler and J. Frohlich: The reconstruction of local observables from the 
Euclidean Green’s functions of relativistic quantum field theory. Ann. Inst. H. 
Poincare, Section A 27 (1977), 221-236. 

[33] W. Driessler, S.J. Summers and E.H. Wichmann: On the connection between 
quantum fields and von Neumann algebras of local operators. Commun. Math. 
Phys. 105 (1986), no. 1, 49-84. 

[34] D.B. A. Epstein: The simplicity of certain groups of homeomorphisms. Compositio 
Math. 22, (1970), 165-173. 

[35] D.B.A. Epstein: Commutators of C'°°-diffeomorphisms. Appendix to “A curious 
remark concerning the geometric transfer map” by John N. Mather. Comment. 
Math. Helvetici 59 (1984), no. 1, 111-122. 

[36] D.E. Evans and Y. Kawahigashi: Quantum symmetries on operator algebras. 
Oxford Lhiiversity Press, New York, 1998. 

[37] K. Fredenhagen and J. Hertel: Local algebras of observables and pointlike local¬ 
ized fields. Commun. Math. Phys. 80 (1981), no. 4, 555-561. 

[38] K. Fredenhagen and M. JorB: Conformal Haag-Kastler nets, pointlike localized 
fields and the existence of operator product expansions. Commun. Math. Phys. 
176 (1996), no. 3, 541-554. 

[39] I.B. Frenkel, Y.-Z. Huang and J. Lepowsky: On axiomatic approaches to vertex 
operator algebras and modules. Mem. Amer. Math. Soc. 104 (1993), no. 494, viii 
+ 64 pp. 

[40] I.B. Frenkel, J. Lepowsky and A. Meurman: Vertex operator algebras and the 
monster. Academic Press, Boston, 1989. 


81 


[41] D. Friedan, Z. Qiu and S. Shenker: Conformal invariance, unitarity and two 
dimensional critical exponents. Phys. Rev. Lett. 52 (1984), no. 18, 1575-1578. 

[42] D. Friedan, Z. Qiu and S. Shenker: Details of the non-unitarity proof for high¬ 
est weight representations of the Virasoro algebra. Commun. Math. Phys. 107 
(1986), no. 4, 535-542. 

[43] P. Furlan, G. M. Sotkov and I.T. Todorov: Two-dimensional conformal quantum 
field theory. Riv. Nuovo Cimento 12, no. 6 (1989) 1-202. 

[44] F. Gabbiani and J. Frohlich: Operator algebras and conformal field theory. Com¬ 
mun. Math. Phys. 155 (1993), no. 3, 569-640. 

[45] J. Glimm and A. Jaffe: Quantum physics. 2nd ed. Springer-Verlag, Berlin- 
Heidelberg-New York, 1987. 

[46] P. Goddard, A. Kent and D. Olive: Unitary representations of the Virasoro and 
super-Virasoro algebra. Commun. Math. Phys. 103 (1986), no. 1, 105-119. 

[47] R. Goodman and N.R. Wallach: Structure and unitary cocycle representations 
of loop groups and the group od diffeomorphisms of the circle. J. Reine Angew. 
Math. 347, (1984) 69-133. 

[48] R. Goodman and N.R. Wallach: Projective unitary positive-energy representa¬ 
tions of Diff(S' 1 ). J. Fund. Anal. 63, (1985), no. 3, 299-321. 

[49] D. Guido and R. Longo: The conformal spin and statistic theorem. Commun. 
Math. Phys. 181 (1996), no. 1, 11-35. 

[50] R. Haag: Local quantum physics. 2nd ed. Springer-Verlag, Berlin-Heidelberg-New 
York, 1996. 

[51] R.S. Hamilton: The inverse function theorem of Nash and Moser. Bull. Amer. 
Math. Soc. 7 (1982), no. 1, 65-222. 

[52] A. Hanaki, M. Miyamoto and D. Tambara: Quantum Galois theory for finite 
groups. Duke Math. J. 97 (1999), no. 3, 541-544. 

[53] M. Herman: Simplicite du groupe des diffeomorphismes de classe C°°, isotopes 
a l’identite, du tore de dimension n. C.R. Acad. Sci. Paris Ser. A-B 273 (1971), 
A232-A234. 

[54] G. Hohn: The group of symmetries of the shorter Moonshine module. Abh. Math. 
Semin. Univ. Hambg. 80 (2010), no. 2, 275-283. 

[55] M. Izumi, R. Longo and S. Popa: A Galois correspondence for compact groups of 
automorphisms of von Neumann algebras with a generalization to Kac algebras. 
J. Fund. Anal. 155 (1998), no. 1, 25-63. 


82 


[56] V.F.R. Jones: Index of subfactors. Invent. Math. 72 (1983), 1-25. 

[57] V.F.R. Jones: Fusion on algebres de von Neumann et groupe de lacets [d’apre A. 
Wassermann]. Seminaire Bourbaki, 1^1 erne annee, 1994-95, n. 800, Juin 1995. 

[58] V.G. Kac: Infinite dimensional Lie algebras. 3rd ed. Cambridge University Press 
1990. 

[59] V.G. Kac: Vertex algebras for beginners. 2nd ed. Providence, RI: AMS 1998. 

[60] V.G. Kac, R. Longo and F. Xu: Solitons in affine and permutation orbifold. 
Commun. Math. Phys. 253 (2005), no. 3, 723-764. 

[61] V.G. Kac, P. Moseneder Frajria, P. Papi and F. Xu: Conformal embeddings and 
simple current extensions. Int. Math. Res. Notices, doi: 10.1093/imrn/rnu092 

[62] V.G. Kac and A. K. Raina: Bombay lectures on highest weight representations of 
infinite dimensional Lie algebras. World Scientific, Singapore, 1987. 

[63] R.V. Kadison and J.R. Ringrose: Fundamentals of the theory of operator algebras. 
Volume I: Elementary theory American Mathematical Society, 1997. 

[64] R.V. Kadison and J.R. Ringrose: Fundamentals of the theory of operator algebras. 
Volume II: Advanced theory American Mathematical Society, 1997. 

[65] Y. Kawahigashi and R. Longo: Classification of local conformal nets. Case c < 1. 
Ann of Math. 160 (2004), no. 2, 493-522. 

[66] Y. Kawahigashi and R. Longo: Local conformal nets arising from framed vertex 
operator algebras. Adv. Math. 206 (2006), no. 2, 729-751. 

[67] Y. Kawahigashi, R. Longo and M. Miiger: Multi-interval subfactors and mod¬ 
ularity of representations in conformal field theory. Commun. Math. Phys. 219 
(2001), no. 3, 631-669. 

[68] H. Kosaki: Type III factors and index theory. Research Institute of Mathematics, 
Global Analysis Research Center, Seoul National University, 43, 1998. 

[69] S. Koster: Local nature of cosets models. Rev. Math. Phys. 16, no. 3, 353-382. 

[70] J. Lepowsky and H. Li: Introduction to vertex operator algebras and their repre¬ 
sentations. Birkauser, Boston, 2004. 

[71] H. Li: Symmetric invariant bilinear forms on vertex operator algebras. J. Pure 
Appl. Algebra 109 (1994), no. 3, 279-297. 

[72] T. Loke: Operator algebras and conformal field theory of the discrete series rep¬ 
resentation o/Diff+(A 1 ). PhD Thesis, University of Cambridge, 1994. 


83 


[73] R. Longo: Notes on algebraic invariants for non-commutative dynamical systems. 
Commun. Math. Phys. 69 (1979), no. 3, 195-207. 

[74] R. Longo: Index of subfactors and statistics of quantum fields. I. Commun. Math. 
Phys. 126 (1989), no. 2, 217-247. 

[75] R. Longo: Conformal subnets and intermediate subfactors. Commun. Math. 
Phys. 237 (2003), no. 1-2, 7-30. 

[76] R. Longo: Real Hilbert subspaces, modular theory, SL(2, R) and CFT. In: Von 
Neumann algebras in Sibiu, 33-91, Theta Ser. Adv. Math., 10, Theta, Bucharest, 

[77] 

[78] R. Longo, K.-H. Rehren: Nets of subfactors. Rev. Math. Phys. 7 (1995), no. 4, 
567-597. 

[79] R. Longo and F. Xu: Topological sectors and a dichotomy in conformal field 
theory. Commun. Math. Phys. 251 (2005), no. 2, 321-364. 

[80] J.N. Mather: Simplicity of certain groups of diffeomorphisms. Bull. Amer. Math. 
Soc. 80 (1974), no. 2, 271-273. 

[81] A. Matsuo: 3-transposition groups of symplectic type and vertex operator alge¬ 
bras. J. Math. Soc. Japan 57 (2005), no. 3, 639-649. 

[82] A. Matsuo and K. Nagatomo: On axioms for a vertex algebra and the locality of 
quantum fields. MSJ Memoirs, 4. Mathematical Society of Japan, Tokyo, 1999. 
x+110 pp. 

[83] J. Milnor: Remarks on infinite-dimensional Lie groups. In B.S. De Witt and R. 
Stora Eds.: Relativity, groups and topology II. Les Houches, Session XL, 1983, 
Elsevier, Amsterdam, New York, 1984, pp. 1007-1057. 

[84] M. Miyamoto: A new construction of the moonshine vertex operator algebra over 
the real number held. Ann. of Math. 159 (2004), no. 2, 535-596. 

[85] K.-H. Neeb and H. Salmasian: Classification of positive energy representations 
of the Virasoro group. Int. Math. Res. Notices, doi: 10.1093/imrn/rnul97 

[86] E. Nelson: Analytic vectors. Ann. of Math. 70 (1959), no. 3, 572-615. 

[87] S. Popa: Classification of subfactors and their endomorphisms. CBMS Regional 
Conference Series in Mathematics 86, American Mathematical Society, 1995. 

[88] A. Pressley and G. Segal: Loop groups. Oxford University Press 1986. 


2008. 

R. Longo: Lecture notes on conformal nets (in preparation). 

http://www.mat,uniroraa2.it/longo/Lecture_Notes.html 


84 



[89] L. Pukanzsky: The Plancherel formula for the universal covering group of 
SL(2,M). Math. Annalen 156 (1964), 96-143. 

[90] M. Reed and B. Simon: Methods of modern mathematical physics I. Functional 
analysis. Revised enlarged ed. Academic Press, New York, San Francisco, Lon¬ 
don, 1980. 

[91] K.-H. Rehren: A new view of the Virasoro algebra, Lett. Math. Phys. 30 (1994), 
no. 2, 125-130. 

[92] M. Roitman: Invariant bilinear forms on a vertex algebra. J. Pure Appl. Algebra 
194 (2004), no. 3, 329-345. 

[93] W. Rudin: Functional analysis. 2nd ed. McGraw-Hill, Singapore, 1991. 

[94] S. Stratila : Modular theory in operator algebras. Abacus Press, Tunbridge Wells, 
Kent (1981). 

[95] R.F. Streater and A.S. Wightman: PCT, spin and statistics and all that. Addison- 
Wesley, 1989. 

[96] W. Thurston: Foliations and groups of diffeomorphisms. Bull. Amer. Math. Soc. 
80 (1974), no. 2, 304-307. 

[97] V. Toledano Laredo: Fusion of positive energy representations of LSpin 2 n , PhD 
Thesis, University of Cambridge, 1997. 

[98] V. Toledano Laredo: Integrating unitary representations of infinite-dimensional 
Lie groups, J. Fund. Anal. 161 (1999), no. 2, 478-508. 

[99] A. Wassermann: Operator algebras and conformal field theory. In Proceed¬ 
ings of the International Congress of Mathematicians, Zurich, Switzerland 1994, 
Birkhauser Verlag, Basel, Switzerland 1995. 

[100] A. Wassermann: Operator algebras and conformal field theory III: Fusion of 
positive energy representations of SU(N) using bounded operators. Invent. Math. 
133 (1998), no. 3, 467-538. 

[101] M. Weiner: Conformal covariance and related properties of chiral QFT. Tesi 
di dottorato. Universita di Roma “Tor Vergata”, 2005, arXiv:math/0703336 
[math. O A] 

[102] M. Weiner: An algebraic version of Haag’s theorem. Commun. Math. Phys. 305 
(2011), no. 2, 469-485. 

[103] F. Xu: Algebraic coset conformal field theory. Commun. Math. Phys. 211 
(2000), no. 1, 1-43. 


85 



[104] F. Xu: Strong additivity and conformal nets. Pacific J. Math. 221 (2005), no. 
1, 167-199. 

[105] F. Xu: On examples of intermediate subfactors from conformal field theory. 
Commun. Math. Phys. 320 (2013), no. 3, 761-781. 


86 


